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Abstract
In this article, we review the current status of Finsler–Lagrange ge-
ometry and generalizations. The goal is to aid non–experts on Finsler
spaces, but physicists and geometers skilled in general relativity and
particle theories, to understand the crucial importance of such geomet-
ric methods for applications in modern physics. We also would like to
orient mathematicians working in generalized Finsler and Ka¨hler ge-
ometry and geometric mechanics how they could perform their results
in order to be accepted by the community of ”orthodox” physicists.
Although the bulk of former models of Finsler–Lagrange spaces
where elaborated on tangent bundles, the surprising result advocated
in our works is that such locally anisotropic structures can be mod-
elled equivalently on Riemann–Cartan spaces, even as exact solutions
in Einstein and/or string gravity, if nonholonomic distributions and
moving frames of references are introduced into consideration.
We also propose a canonical scheme when geometrical objects on a
(pseudo) Riemannian space are nonholonomically deformed into gen-
eralized Lagrange, or Finsler, configurations on the same manifold or
on a corresponding tangent bundle. Such canonical transforms are de-
fined by the coefficients of a prime metric (it can be a solution of the
Einstein equations) and generate target spaces as generalized Lagrange
structures, their models of almost Hermitian/ Ka¨hler, or nonholonomic
Riemann spaces with constant curvature, for some Finsler like connec-
tions. There are formulated the criteria when such constructions can
be redefined equivalently in terms of the Levi Civita connection.
Finally, we consider some classes of exact solutions in string and
Einstein gravity modelling Lagrange–Finsler structures with solitonic
pp–waves and speculate on their physical meaning.
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1 Introduction
The main purpose of this survey is to present an introduction to Finsler–
Lagrange geometry and the anholonomic frame method in general relativity
and gravitation. We review and discuss possible applications in modern
physics and provide alternative constructions in the language of the geom-
etry of nonholonomic Riemannian manifolds (enabled with nonintegrable
distributions and preferred frame structures). It will be emphasized the ap-
proach when Finsler like structures are modelled in general relativity and
gravity theories with metric compatible connections and, in general, non-
trivial torsion.
Usually, gravity and string theory physicists may remember that Finsler
geometry is a quite ”sophisticate” spacetime generalization when Rieman-
nian metrics gij(x
k) are extended to Finsler metrics gij(x
k, yl) depending
both on local coordinates xk on a manifold M and ”velocities” yl on its
tangent bundle TM. 1 Perhaps, they will say additionally that in order
to describe local anisotropies depending only on directions given by vec-
tors yl, the Finsler metrics should be defined in the form gij ∼
∂F 2
∂yi∂yj
, where
1we emphasize that Finsler geometries can be alternatively modelled if yl are considered
as certain nonholonomic, i. e. constrained, coordinates on a general manifold V, not only
as ”velocities” or ”momenta”, see further constructions in this work
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F (xk, ζyl) = |ζ| F (xk, yl), for any real ζ 6= 0, is a fundamental Finsler metric
function. A number of authors analyzing possible locally anisotropic physi-
cal effects omit a rigorous study of nonlinear connections and do not reflect
on the problem of compatibility of metric and linear connection structures.
If a Riemannian geometry is completely stated by its metric, various models
of Finsler spaces and generalizations are defined by three independent geo-
metric objects (metric and linear and nonlinear connections) which in cer-
tain canonical cases are induced by a fundamental Finsler function F (x, y).
For models with different metric compatibility, or non–compatibility, con-
ditions, this is a point of additional geometric and physical considerations,
new terminology and mathematical conventions. Finally, a lot of physicists
and mathematicians have concluded that such geometries with generic local
anisotropy are characterized by various types of connections, torsions and
curvatures which do not seem to have physical meaning in modern particle
theories but (may be?) certain Finsler like analogs of mechanical systems
and continuous media can be constructed.
There were published a few rigorous studies on perspectives of Finsler
like geometries in standard theories of gravity and particle physics (see, for
instance, Refs. [26, 247]) but they do not analyze any physical effects of the
nonlinear connection and adapted linear connection structures and the pos-
sibility to model Finsler like spaces as exact solutions in Einstein and sting
gravity [228]). The results of such works, on Finsler models with violations
of local Lorentz symmetry and nonmetricity fields, can be summarized in
a very pessimistic form: both fundamental theoretic consequences and ex-
perimental data restrict substantially the importance for modern physics
of locally anisotropic geometries elaborated on (co) tangent bundles,2 see
Introduction to monograph [228] and article [201] and reference therein for
more detailed reviews and discussions.
Why we should give a special attention to Finsler geometry and methods
and apply them in modern physics ? We list here a set of contr–arguments
and discus the main sources of ”anti–Finsler” skepticism which (we hope)
will explain and re–move the existing unfair situation when spaces with
generic local anisotropy are not considered in standard theories of physics:
1. One should be emphasized that in the bulk the criticism on locally
anisotropic geometries and applications in standard physics was mo-
tivated only for special classes of models on tangent bundles, with
violation of local Lorentz symmetry (even such works became very
2In result of such opinions, the Editors and referees of some top physical journals al-
most stopped to accept for publication manuscripts on Finsler gravity models. If other
journals were more tolerant with such theoretical works, they were considered to be re-
lated to certain alternative classes of theories or to some mathematical physics problems
with speculations on geometric models and ”nonstandard” physics, mechanics and some
applications to biology, sociology or seismology etc
4
important in modern physics, for instance, in relation to brane grav-
ity [51] and quantum theories [89]) and nonmetricity fields. Not all
theories with generalized Finsler metrics and connections were elabo-
rated in this form (on alternative approaches, see next points) and in
many cases, like [26, 247], the analysis of physical consequences was
performed not following the nonlinear connection geometric formal-
ism and a tensor calculus adapted to nonholonomic structures which
is crucial in Finsler geometry and generalizations.
2. More recently, a group of mathematicians [17, 147] developed inten-
sively some directions on Finsler geometry and applications following
the Chern’s linear connection formalism proposed in 1948 (this con-
nection is with vanishing torsion but noncompatible with the metric
structure). For non–experts in geometry and physics, the works of
this group, and other authors working with generalized local Lorentz
symmetries, created a false opinion that Finsler geometry can be elab-
orated only on tangent bundles and that the Chern connection is the
”best” Finsler generalization of the Levi Civita connection. A number
of very important constructions with the so–called metric compatible
Cartan connection, or other canonical connections, were moved on the
second plan and forgotten. One should be emphasized that the geo-
metric constructions with the well known Chern or Berwald connec-
tions can not be related to standard theories of physics because they
contain nonmetricity fields. The issue of nonmetricity was studied in
details in a number of works on metric–affine gravity, see review [70]
and Chapter I in the collection of works [228], the last one containing
a series of papers on generalized Finsler–affine spaces. Such results are
not widely accepted by physicists because of absence of experimental
evidences and theoretical complexity of geometric constructions. Here
we note that it is a quite sophisticate task to elaborate spinor ver-
sions, supersymmetric and noncommutative generalizations of Finsler
like geometries if we work with metric noncompatible connections.
3. A non–expert in special directions of differential geometry and geomet-
ric mechanics, may not know that beginning E. Cartan (1935) [42] var-
ious models of Finsler geometry were developed alternatively by using
metric compatible connections which resulted in generalizations to the
geometry of Lagrange and Hamilton mechanics and their higher order
extensions. Such works and monographs were published by prominent
schools and authors on Finsler geometry and generalizations from Ro-
mania and Japan [107, 108, 103, 104, 112, 106, 85, 86, 80, 159, 245,
102, 124, 125, 127, 128, 129, 24, 25] following approaches quite dif-
ferent from the geometry of sympletic mechanics and generalizations
[97, 99, 101, 91]. As a matter of principle, all geometric constructions
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with the Chern and/or sympletic connections can de redefined equiv-
alently for metric compatible geometries, but the philosophy, aims,
mathematical formalism and physical consequences are very different
for different approaches and the particle physics researches usually are
not familiar with such results.
4. It should be noted that for a number of scientists working in Western
Countries there are less known the results on the geometry of nonholo-
nomic manifolds published in a series of monographs and articles by
G. Vraˇnceanu (1926), Z. Horak (1927) and others [241, 243, 73], see
historical remarks and bibliography in Refs. [25, 228]. The importance
for modern physics of such works follows from the idea and explicit
proofs (in quite sophisticate component forms) that various types of lo-
cally anisotropic geometries and physical interactions can be modelled
on usual Riemannian manifolds by considering nonholonomic distribu-
tions and holonomic fibrations enabled with certain classes of special
connections.
5. In our works (see, for instance, reviews and monographs [178, 179,
180, 181, 183, 225, 229, 230, 201, 228], and references therein), we
re–oriented the research on Finsler spaces and generalizations in some
directions connected to standard models of physics and gauge, super-
symmetric and noncommutative extensions of gravity. Our basic idea
was that both the Riemann–Cartan and generalized Finsler–Lagrange
geometries can be modelled in a unified manner by corresponding geo-
metric structures on nonholonomic manifolds. It was emphasized, that
prescribing a preferred nonholonomic frame structure (equivalently, a
nonintegrabie distribution with associated nonlinear connection) on a
manifold, or on a vector bundle, it is possible to work equivalently
both with the Levi Civita and the so–called canonical distinguished
connection. We provided a number of examples when Finsler like
structures and geometries can be modelled as exact solutions in Ein-
stein and string gravity and proved that certain geometric methods
are very important, for instance, in constructing new classes of exact
solutions.
This review work has also pedagogical scopes. We attempt to cover key
aspects and open issues of generalized Finsler–Lagrange geometry related to
a consistent incorporation of nonlinear connection formalism and moving/
deformation frame methods into the Einstein and string gravity and anal-
ogous models of gravity, see also Refs. [201, 228, 108, 24, 145] for general
reviews, written in the same spirit as the present one but in a more compre-
hensive, or inversely, with more special purposes forms. While the article is
essentially self–contained, the emphasis is on communicating the underlying
ideas and methods and the significance of results rather than on presenting
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systematic derivations and detailed proofs (these can be found in the listed
literature).
The subject of Finsler geometry and applications can be approached in
different ways. We choose one of which is deeply rooted in the well es-
tablished gravity physics and also has sufficient mathematical precision to
ensure that a physicist familiar with standard textbooks and monographs on
gravity [69, 113, 244, 158, 151] and string theory [53, 139, 148] will be able
without much efforts to understand recent results and methods of the geom-
etry of nonholonomic manifolds and generalized Finsler–Lagrange spaces.
In other turn, in order to keep the article to a reasonable size, and avoid
overwhelming non–experts, we have to leave out several interesting topics,
results and viewpoints. We list the most important alternative directions
and comment references in Appendix in order to orient experts in gravity
and field theories in existing literature and researches related to applica-
tions of Finsler geometry methods in modern physics. This is meant that
the work is an introduction into some subjects and new geometric meth-
ods which seem to be very important in standard physics rather then an
exhaustive review of them.
We shall use the terms ”standard” and ”nonstandard” models in ge-
ometry and physics. In connection to Finsler geometry, we shall consider
a model to be a standard one if it contains locally anisotropic structures
defined by certain nonholonomic distributions and adapted frames of ref-
erence on a (pseudo) Riemannian or Riemann–Cartan space (for instance,
in general relativity, Kaluza–Klein theories and low energy string gravity
models). Such constructions preserve, in general, the local Lorentz symme-
try and they are performed with metric compatible connections. The term
”nonstandard” will be used for those approaches which are related to met-
ric non–compatible connections and/or local Lorentz violations in Finsler
spacetimes and generalizations. Sure, any standard or nonstandard model
is rigorously formulated following certain purposes in modern geometry and
physics, geometric mechanics, biophysics, locally anisotropic thermodynam-
ics and stochastic and kinetic processes and classical or quantum gravity
theories. Perhaps, it will be the case to distinguish the class of ”almost
standard” physical models with locally anisotropic interactions when certain
geometric objects from a (pseudo) Riemannian or Riemann–Cartan mani-
folds are lifted on a (co) tangent or vector bundles and/or their supersym-
metric, non–commutative, Lie algebroid, Clifford space, quantum group ...
generalizations. There are possible various effects with ”nonstandard” cor-
rections, for instance, violations of the local Lorentz symmetry by quantum
effects but in some classical or quantum limits such theories are constrained
to correspond to certain standard ones.
This contribution is organized as follows:
In section 2, we outline an unified approach to the geometry of nonholo-
nomic distributions on Riemann manifolds and Finsler–Lagrange spaces.
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The basic concepts on nonholonomic manifolds and associated nonlinear
connection structures are explained and the possibility of equivalent (non)
holonomic formulations of gravity theories is analyzed.
Section 3 is devoted to nonholonomic deformations of manifolds and
vector bundles. There are reviewed the basic constructions in the geometry
of (generalized) Lagrange and Finsler spaces. We show how effective alge-
broid structures can be generated by nonholonomic transforms. A general
ansatz for constructing exact solutions, with effective (algebroid) Lagrange
and Finsler structures, in Einstein and string gravity, is analyzed.
In section 4, the Finsler–Lagrange geometry is formulated as a variant
of almost Hermitian and/or Ka¨her geometry with additional Lie algebroid
structure. We show how the Einstein gravity can be equivalently reformu-
lated in terms of almost Hermitian geometry with preferred frame structure.
Section 5 is focused on explicit examples of exact solutions in Einstein
and string gravity when (generalized) Finsler–Lagrange structures are mod-
elled on (pseudo) Riemannian and Riemann–Cartan spaces. We analyze
some classes of Einstein metrics which can be deformed into new exact so-
lutions characterized additionally by Lagrange–Finsler configurations. For
string gravity, there are constructed explicit examples of locally anisotropic
configurations describing gravitational solitonic pp–waves and their effective
Lagrange spaces. We also analyze some exact solutions for Finsler–solitonic
pp–waves on Schwarzschild spaces.
Conclusions and further perspectives of Finsler geometry and new geo-
metric methods for modern gravity theories are considered in section 6.
We provide an Appendix containing historical and bibliographical com-
ments on (generalized) Finsler geometry and physics.
Finally, we should note that our list of references is minimalist, trying
to concentrate on reviews and monographs rather than on original articles.
More complete reference lists can be found in the books [228, 183, 225, 108,
112]. Various guides for learning, both for experts and beginners on geo-
metric methods and further applications in modern physics, with references,
can be found in [228, 108, 112, 24, 145].
Notational remarks:
We shall consider geometric and physical objects on different spaces. There
were elaborated very sophisticate systems of denotations and terminology
in various approaches to general relativity, string theory and generalized
Finsler–Lagrange geometry. In this work, one follows the conventions from
[228, 201]. We shall use ”boldface” letters, A,Bαβ, ... for geometric objects
and spaces adapted to (provided with) a nonlinear connection structure.
In general, small Greek indices are considered as abstract ones, which may
split into horizontal (h) and vertical (v) indices, for instance α = (i, a), β =
(j, b), ... where with respect to a coordinate basis they run values of type
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i, j, ... = 1, 2, ..., n and a, b, ... = n+ 1, n + 2, ...n +m, for n ≥ 2 and m ≥ 1.
One shall be considered primed indices, α′ = (i′, a′), β′ = (j′, b′), ..., working
with respect to a nonholonomically transformed bases, or underlined indices,
α = (i, a), β = (j, b), ..., in order to emphasize that coefficients of geometric
objects are defined with respect to a coordinate basis. Various types of left
”up” and ”low” labels of geometric objects will be used, for instance, RCV
means that the manifold V is a Riemannian–Cartan one, the Levi Civita
connection will be labelled pD = ∇ and the corresponding Riemannian and
Ricci tensors will be written pR = { pR
α
βγτ}, and pRic( pD) = { pR βγ}. We
shall omit labels and indices if that will not result in ambiguities. Finally, we
note that we shall write with boldface letters a new term if it is introduced
for the first time in the text.
2 Nonholonomic Einstein Gravity and Finsler–La-
grange Spaces
In this section we present in a unified form the Riemann–Cartan and Finsler–
Lagrange geometry. The reader is supposed to be familiar with well–known
geometrical approaches to gravity theories [69, 113, 244, 158, 151] but may
not know the basic concepts on Finsler geometry and nonholonomic man-
ifolds. The constructions for locally anisotropic spaces will be derived by
special parametrizations of the frame, metric and connection structures on
usual manifolds, or vector bundle spaces, as we proved in details in Refs.
[228, 201].
2.1 Metric–affine, Riemann–Cartan and Einstein manifolds
Let V be a necessary smooth class manifold of dimension dimV = n +m,
when n ≥ 2 and m ≥ 1, enabled with metric, g = gαβe
α ⊗ eβ, and linear
connection, D = {Γαβγ}, structures. The coefficients of g and D can be
computed with respect to any local frame, eα, and co–frame, e
β , bases,
for which eα⌋e
β = δβα, where ⌋ denotes the interior (scalar) product defined
by g and δβα is the Kronecker symbol. A local system of coordinates on V is
denoted uα = (xi, ya), or (in brief) u = (x, y), where indices run correspond-
ingly the values: i, j, k... = 1, 2, ..., n and a, b, c, ... = n+1, n+2, ...n+m for
any splitting α = (i, a), β = (j, b), ... We shall also use primed, underlined,
or other type indices: for instance, eα′ = (ei′ , ea′) and e
β′ = (ej
′
, eb
′
), for
a different sets of local (co) bases, or eα = eα = ∂α = ∂/∂u
α, ei = ei =
∂i = ∂/∂x
i and ea = ea = ∂a = ∂/∂y
a if we wont to emphasize that the
coefficients of geometric objects (tensors, connections, ...) are defined with
respect to a local coordinate basis. For simplicity, we shall omit underlin-
ing or priming of indices and symbols if that will not result in ambiguities.
The Einstein’s summation rule on repeating ”up-low” indices will be applied
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if the contrary will not be stated.
Frame transforms of a local basis eα and its dual basis e
β are paramet-
rized in the form
eα = A
α′
α (u)eα′ and e
β = Aββ′(u)e
β′ , (1)
where the matrix Aββ′ is inverse to A
α′
α . In general, local bases are non-
holonomic (equivalently, anholonomic, or nonintegrable) and satisfy
certain anholonomy conditions
eαeβ − eβeα =W
γ
αβeγ (2)
with nontrivial anholonomy coefficients W γαβ(u). We consider the holo-
nomic frames to be defined by W γαβ = 0, which holds, for instance, if we fix
a local coordinate basis.
Let us denote the covariant derivative along a vector field X = Xαeα as
DX = X⌋D. One defines three fundamental geometric objects on manifold
V : nonmetricity field,
QX + DXg, (3)
torsion,
T (X,Y ) + DXY −DYX − [X,Y ], (4)
and curvature,
R(X,Y )Z + DXDY Z −DYDXZ −D[X,Y ]Z, (5)
where the symbol ”+” states ”by definition” and [X,Y ] + XY − Y X.
With respect to fixed local bases eα and e
β , the coefficients Q = {Qαβγ =
Dαgβγ},T = {T
α
βγ} and R = {R
α
βγτ} can be computed by introducing
X → eα, Y → eβ , Z → eγ into respective formulas (3), (4) and (5).
In gravity theories, one uses three others important geometric objects:
the Ricci tensor, Ric(D) = {R βγ + R
α
βγα}, the scalar curvature, R +
gαβRαβ (g
αβ being the inverse matrix to gαβ), and the Einstein tensor,
E = {Eαβ + Rαβ −
1
2gαβR}.
A manifold maV is a metric–affine space if it is provided with ar-
bitrary two independent metric g and linear connection D structures and
characterized by three nontrivial fundamental geometric objects Q,T and
R.
If the metricity condition, Q = 0, is satisfied for a given couple g and D,
such a manifold RCV is called a Riemann–Cartan space with nontrivial
torsion T of D.
A Riemann space RV is provided with a metric structure g which de-
fines a unique Levi Civita connection pD = ∇, which is both metric compat-
ible, pQ = ∇g = 0, and torsionless, pT = 0. Such a space is pseudo- (semi-)
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Riemannian if locally the metric has any mixed signature (±1,±1, ...,±1).3
In brief, we shall call all such spaces to be Riemannian (with necessary sig-
nature) and denote the main geometric objects in the form pR = { pR
α
βγτ},
pRic( pD) = { pR βγ}, pR and pE = { pEαβ}.
The Einstein gravity theory is constructed canonically for dimR V =
4 and Minkowski signature, for instance, (−1,+1,+1,+1). Various gener-
alizations in modern string and/or gauge gravity consider Riemann,
Riemann–Cartan and metric–affine spaces of higher dimensions.
The Einstein equations are postulated in the form
E(D) + Ric(D)−
1
2
g Sc(D) = Υ, (6)
where the source Υ contains contributions of matter fields and corrections
from, for instance, string/brane theories of gravity. In a physical model, the
equations (6) have to be completed with equations for the matter fields and
torsion (for instance, in the Einstein–Cartan theory [70], one considers
algebraic equations for the torsion and its source). It should be noted here
that because of possible nonholonomic structures on a manifold V (we shall
call such spaces to be locally anisotropic), see next section, the tensor Ric(D)
is not symmetric andD [E(D)] 6= 0. This imposes a more sophisticate form of
conservation laws on spaces with generic ”local anisotropy”, see discussion in
[228] (a similar situation arises in Lagrange mechanics [97, 99, 101, 91, 108]
when nonholonomic constraints modify the definition of conservation laws).
For general relativity, dimV = 4 and D = ∇, the field equations can
be written in the well–known component form
pEαβ = pR βγ −
1
2
pR = Υαβ (7)
when ∇( pEαβ) = ∇(Υαβ) = 0. The coefficients in equations (7) are defined
with respect to arbitrary nonholomomic frame (1).
2.2 Nonholonomic manifolds and adapted frame structures
A nonholonomic manifold (M,D) is a manifold M of necessary smooth
class enabled with a nonholonomic distribution D, see details in Refs. [25,
228]. Let us consider a (n +m)–dimensional manifold V, with n ≥ 2 and
m ≥ 1 (for a number of physical applications, it will be considered to model
a physical or geometric space). In a particular case, V =TM, with n = m
(i.e. a tangent bundle), or V = E = (E,M), dimM = n, is a vector bundle
on M, with total space E (we shall use such spaces for traditional defini-
tions of Finsler and Lagrange spaces [107, 108, 102, 24, 145, 17, 147]). In a
3mathematicians usually use the term semi–Riemannian but physicists are more famil-
iar with pseudo–Riemannian; we shall apply both terms on convenience
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general case, a manifold V is provided with a local fibred structure into con-
ventional ”horizontal” and ”vertical” directions defined by a nonholonomic
(nonintegrable) distribution with associated nonlinear connection (equiva-
lently, nonholonomic frame) structure. Such nonholonomic manifolds will
be used for modelling locally anisortropic structures in Einstein gravity and
generalizations [181, 229, 230, 201, 228].
2.2.1 Nonlinear connections and N–adapted frames
We denote by π⊤ : TV → TM the differential of a map π : V → V
defined by fiber preserving morphisms of the tangent bundles TV and TM.
The kernel of π⊤ is just the vertical subspace vV with a related inclusion
mapping i : vV→ TV.
A nonlinear connection (N–connection) N on a manifold V is de-
fined by the splitting on the left of an exact sequence
0→ vV
i
→ TV→ TV/vV → 0,
i. e. by a morphism of submanifolds N : TV → vV such that N ◦ i is the
unity in vV.
Locally, a N–connection is defined by its coefficients Nai (u),
N = Nai (u)dx
i ⊗
∂
∂ya
. (8)
In an equivalent form, we can say that any N–connection is defined by a
Whitney sum of conventional horizontal (h) space, (hV) , and vertical (v)
space, (vV) ,
TV = hV ⊕ vV. (9)
The sum (9) states on TV a nonholonomic (equivalently, anholonomic, or
nonintegrable) distribution of h- and v–space. The well known class of lin-
ear connections consists on a particular subclass with the coefficients being
linear on ya, i.e.
Nai (u) = Γ
a
bj(x)y
b. (10)
The geometric objects on V can be defined in a form adapted to a N–
connection structure, following decompositions which are invariant under
parallel transports preserving the splitting (9). In this case, we call them
to be distinguished (by the N–connection structure), i.e. d–objects. For
instance, a vector field X ∈ TV is expressed
X = (hX, vX), or X = Xαeα = X
iei +X
aea,
where hX = Xiei and vX = X
aea state, respectively, the adapted to the
N–connection structure horizontal (h) and vertical (v) components of the
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vector. In brief, X is called a distinguished vectors, d–vector.4 In a similar
fashion, the geometric objects on V like tensors, spinors, connections, ...
are called respectively d–tensors, d–spinors, d–connections if they are
adapted to the N–connection splitting (9).
The N–connection curvature is defined as the Neijenhuis tensor
Ω(X,Y) + [vX, vY ] + v[X,Y]− v[vX,Y]− v[X,vY ]. (11)
In local form, we have for (11)
Ω =
1
2
Ωaij d
i ∧ dj ⊗ ∂a,
with coefficients
Ωaij =
∂Nai
∂xj
−
∂Naj
∂xi
+N bi
∂Naj
∂yb
−N bj
∂Nai
∂yb
. (12)
Any N–connection N may be characterized by an associated frame (viel-
bein) structure eν = (ei, ea), where
ei =
∂
∂xi
−Nai (u)
∂
∂ya
and ea =
∂
∂ya
, (13)
and the dual frame (coframe) structure eµ = (ei, ea), where
ei = dxi and ea = dya +Nai (u)dx
i, (14)
see formulas (1). These vielbeins are called respectively N–adapted fra-
mes and coframes. In order to preserve a relation with the previous
denotations [201, 228], we emphasize that eν = (ei, ea) and e
µ = (ei, ea) are
correspondingly the former ”N–elongated” partial derivatives δν = δ/∂u
ν =
(δi, ∂a) and N–elongated differentials δ
µ = δuµ = (di, δa). This emphasizes
that the operators (13) and (14) define certain “N–elongated” partial deriva-
tives and differentials which are more convenient for tensor and integral cal-
culations on such nonholonomic manifolds. The vielbeins (14) satisfy the
nonholonomy relations
[eα, eβ] = eαeβ − eβeα =W
γ
αβeγ (15)
with (antisymmetric) nontrivial anholonomy coefficients W bia = ∂aN
b
i and
W aji = Ω
a
ij defining a proper parametrization (for a n + m splitting by a
N–connection Nai ) of (14).
4We shall use always ”boldface” symbols if it would be necessary to emphasize that cer-
tain spaces and/or geometrical objects are provided/adapted to a N–connection structure,
or with the coefficients computed with respect to N–adapted frames.
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2.2.2 N–anholonomic manifolds and d–metrics
For simplicity, we shall work with a particular class of nonholonomic mani-
folds: A manifold V is N–anholonomic if its tangent space TV is enabled
with a N–connection structure (9).5
A distinguished metric (in brief, d–metric) on a N–anholonomic
manifold V is a usual second rank metric tensor g which with respect to a
N–adapted basis (14) can be written in the form
g = gij(x, y) e
i ⊗ ej + hab(x, y) e
a ⊗ eb (16)
defining a N–adapted decomposition g =hg⊕Nvg = [hg, vg].
Ametric structure g˘ on a N–anholonomic manifold V is a symmetric
covariant second rank tensor field which is not degenerated and of constant
signature in any point u ∈ V. Any metric on V, with respect to a local
coordinate basis duα =
(
dxi, dya
)
, can be parametrized in the form
g˘ = g
αβ
(u) duα ⊗ duβ (17)
where
g
αβ
=
[
gij +N
a
i N
b
jhab N
e
j hae
N ei hbe hab
]
. (18)
Such a metric (18) is generic off–diagonal, i.e. it can not be diagonalized by
coordinate transforms if Nai (u) are any general functions.
In general, a metric structure is not adapted to a N–connection structure,
but we can transform it into a d–metric
g = hg(hX, hY ) + vg(vX, vY ) (19)
adapted to a N–connection structure defined by coefficients Nai . We intro-
duce denotations hg˘(hX, hY ) = hg(hX, hY ) and vg˘(vX, vY ) = vg(vX, vY )
and try to find a N–connection when
g˘(hX, vY ) = 0 (20)
for any d–vectors X,Y. In local form, for hX → ei and vY → ea, the
equation (20) is an algebraic equation for the N–connection coefficients Nai ,
g˘(ei, ea) = 0, equivalently, gia −N
b
i hab = 0, (21)
5In a similar manner, we can consider different types of (super) spaces and low energy
string limits [180, 183, 216, 179], Riemann or Riemann–Cartan manifolds [228], noncom-
mutative bundles, or superbundles and gauge models [189, 217, 52, 218, 201], Clifford–
Dirac spinor bundles and algebroids [202, 178, 181, 225, 230, 229], Lagrange–Fedosov
manifolds [57]... provided with nonholonomc (super) distributions (9) and preferred sys-
tems of reference (supervielbeins).
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where g
ia
+ g(∂/∂xi, ∂/∂ya), which allows us to define in a unique form
the coefficients N bi = h
abg
ia
where hab is inverse to hab. We can write the
metric g˘ with ansatz (18) in equivalent form, as a d–metric (16) adapted to
a N–connection structure, if we define gij + g (ei, ej) and hab + g (ea, eb)
and consider the vielbeins eα and e
α to be respectively of type (13) and
(14).
A metric g˘ (17) can be equivalently transformed into a d–metric (16)
by performing a frame (vielbein) transform
eα = e
α
α ∂α and e
β = eββdu
β, (22)
with coefficients
e αα (u) =
[
e
i
i (u) N
b
i (u)e
a
b (u)
0 e
a
a (u)
]
, (23)
eββ(u) =
[
eii(u) −N
b
k(u)e
k
i (u)
0 eaa(u)
]
, (24)
being linear on Nai .
It should be noted here that parametrizations of metrics of type (18)
have been introduced in Kaluza–Klein gravity [130] for the case of linear
connections (10) and compactified extra dimensions ya. For the five (or
higher) dimensions, the coefficients Γabi(x) were considered as Abelian or
non–Abelian gauge fields. In our approach, the coefficients N bi (x, y) are
general ones, not obligatory linearized and/or compactified on ya. For some
models of Finsler gravity, the values Nai were treated as certain generalized
nonlinear gauge fields (see Appendix to Ref. [107]), or as certain objects
defining (semi) spray configurations in generalized Finsler and Lagrange
gravity [107, 108, 5].
The N–connection coefficients can be associated to certain off–diagonal
metric coefficients N bi in (18) when a (n+m)–splitting is prescribed for a
manifold V (such a manifold may be a Riemannian or an Einstein space).
We can also say that such a splitting and corresponding coefficients Nai in-
duce preferred (in general, nonholonomic) frame and/or coframe structures,
respectively (13) and/or (14). In general, this does not violate the frame and
coordinate diffeomorphisms invariance because any formulas can be written
in any system of references, or coordinates. Nevertheless, there is a class
of frame transforms (22) with coefficients (23) and (24) preserving the pre-
scribed nonintegrable (n+m)–splitting (9). This is like on a Schwarzschild
space when we prefer the spherical symmetry but all formulas can be written
in arbitrary coordinates (frames), for instance, in Cartezian coordinates.
Formal (n+m)–splitting exist naturally on vector/ tangent bundles
when xi label the base space coordinates and ya label the fiber coordinates.
If such splitting are defined by nonintegrable distributions, we also get N–
connection structures. In order to give to the N–connections a gauge like
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interpretation, we can say that they broke nonholonomically the spacetime
symmetry and define certain type of nonlinear gauge fields. In this work
we shall not consider gauge like models of locally anisotropic gravity (see
[189, 217, 52, 218, 201, 228]).
On N–anholonomic manifolds, we can say that the coordinates xi are
holonomic and the coordinates ya are nonholonomic (on N–anholonomic
vector bundles, such coordinates are called respectively to be the horizontal
and vertical ones). We conclude that a N–anholonomic manifold V pro-
vided with a metric structure g˘ (17) (equivalently, with a d–metric (16))
is a usual manifold (in particular, a pseudo–Riemannian one) with a pre-
scribed nonholonomic n + m splitting into conventional “horizontal” and
“vertical” subspaces (9) induced by the “off–diagonal” terms N bi (u) and the
corresponding preferred nonholonomic frame structure (15).
2.2.3 d–torsions and d–curvatures
From the general class of linear connections which can be defined on a man-
ifold V, and any its N–anholonomic versions V, we distinguish those which
are adapted to a N–connection structure N.
A distinguished connection (d–connection) D on a N–anholonomic
manifold V is a linear connection conserving under parallelism the Whitney
sum (9). For any d–vector X, there is a decomposition of D into h– and
v–covariant derivatives,
DX+ X⌋D = hX⌋D+ vX⌋D =DhX +DvX = hDX + vDX . (25)
The symbol ”⌋” in (25) denotes the interior product defined by a metric (17)
(equivalently, by a d–metric (16)). The N–adapted components Γαβγ of a
d–connection Dα = (eα⌋D) are defined by the equations
Dαeβ = Γ
γ
αβeγ , or Γ
γ
αβ (u) = (Dαeβ)⌋e
γ . (26)
The N–adapted splitting into h– and v–covariant derivatives is stated by
hD = {Dk =
(
Lijk, L
a
bk
)
}, and vD = {Dc =
(
Cijc, C
a
bc
)
},
where
Lijk = (Dkej)⌋e
i, Labk = (Dkeb)⌋e
a, Cijc = (Dcej)⌋e
i, Cabc = (Dceb)⌋e
a.
The components Γγαβ =
(
Lijk, L
a
bk, C
i
jc, C
a
bc
)
completely define a d–connec-
tion D on a N–anholonomic manifold V. We shall write conventionally that
D =(hD, vD), or Dα = (Di,Da), with hD = (L
i
jk, L
a
bk) and vD = (C
i
jc,
Cabc), see (26).
The torsion and curvature of a d–connection D =(hD, vD), d–
torsions and d–curvatures, are defined similarly to formulas (4) and
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(5) with further h– and v–decompositions. The simplest way to perform
computations with d–connections is to use N–adapted differential forms
like
Γαβ = Γ
α
βγe
γ (27)
with the coefficients defined with respect to (14) and (13). For instance,
torsion can be computed in the form
T α + Deα = deα + Γαβ ∧ e
β. (28)
Locally it is characterized by (N–adapted) d–torsion coefficients
T ijk = L
i
jk − L
i
kj, T
i
ja = −T
i
aj = C
i
ja, T
a
ji = Ω
a
ji,
T abi = −T
a
ib =
∂Nai
∂yb
− Labi, T
a
bc = C
a
bc − C
a
cb. (29)
By a straightforward d–form calculus, we can compute the N–adapted com-
ponents R = {Rαβγδ} of the curvature
Rαβ + DΓ
α
β = dΓ
α
β − Γ
γ
β ∧ Γ
α
γ = R
α
βγδe
γ ∧ eδ, (30)
of a d–connection D,
Rihjk = ekL
i
hj − ejL
i
hk + L
m
hjL
i
mk − L
m
hkL
i
mj − C
i
haΩ
a
kj,
Rabjk = ekL
a
bj − ejL
a
bk + L
c
bjL
a
ck − L
c
bkL
a
cj − C
a
bcΩ
c
kj,
Rijka = eaL
i
jk −DkC
i
ja + C
i
jbT
b
ka, (31)
Rcbka = eaL
c
bk −DkC
c
ba + C
c
bdT
c
ka,
Rijbc = ecC
i
jb − ebC
i
jc + C
h
jbC
i
hc − C
h
jcC
i
hb,
Rabcd = edC
a
bc − ecC
a
bd + C
e
bcC
a
ed −C
e
bdC
a
ec.
Contracting respectively the components of (31), one proves that the
Ricci tensor Rαβ + R
τ
αβτ is characterized by h- v–components, i.e. d–
tensors,
Rij + R
k
ijk, Ria + −R
k
ika, Rai + R
b
aib, Rab + R
c
abc. (32)
It should be noted that this tensor is not symmetric for arbitrary d–connecti-
ons D, i.e. Rαβ 6= Rβα.
The scalar curvature of a d–connection is
sR + gαβRαβ = g
ijRij + h
abRab, (33)
defined by a sum the h– and v–components of (32) and d–metric (16).
The Einstein d–tensor is defined and computed similarly to (7), but for
d–connections,
Eαβ = Rαβ −
1
2
gαβ
sR (34)
This d–tensor defines an alternative to pEαβ (nonholonomic) Einstein con-
figuration if its d–connection is defined in a unique form for an off–diagonal
metric (18).
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2.2.4 Some classes of distinguished or non–adapted linear con-
nections
From the class of arbitrary d–connections D on V, one distinguishes those
which are metric compatible (metrical d–connections) satisfying the
condition
Dg = 0 (35)
including all h- and v-projections
Djgkl = 0,Dagkl = 0,Djhab = 0,Dahbc = 0.
Different approaches to Finsler–Lagrange geometry modelled on TM (or on
the dual tangent bundle T∗M, in the case of Cartan–Hamilton geometry)
were elaborated for different d–metric structures which are metric compat-
ible [42, 107, 108, 104, 112, 106, 180, 183, 225] or not metric compatible
[17].
For any d–metric g = [hg, vg] on a N–anholonomic manifold V, there is
a unique metric canonical d–connection D̂ satisfying the conditions D̂g =0
and with vanishing h(hh)–torsion, v(vv)–torsion, i. e. hT̂ (hX, hY ) = 0
and vT̂ (vX, vY ) = 0. By straightforward calculations, we can verify that
Γ̂γαβ =
(
L̂ijk, L̂
a
bk, Ĉ
i
jc, Ĉ
a
bc
)
, when
L̂ijk =
1
2
gir (ekgjr + ejgkr − ergjk) , (36)
L̂abk = eb(N
a
k ) +
1
2
hac
(
ekhbc − hdc ebN
d
k − hdb ecN
d
k
)
,
Ĉijc =
1
2
gikecgjk, Ĉ
a
bc =
1
2
had (echbd + echcd − edhbc)
result in T̂ ijk = 0 and T̂
a
bc = 0 but T̂
i
ja, T̂
a
ji and T̂
a
bi are not zero, see
formulas (29) written for this canonical d–connection.
For any metric structure g on a manifold V, there is a unique metric
compatible and torsionless Levi Civita connection ▽ = { pΓ
α
βγ} for which
pT = 0 and ▽g = 0. This is not a d–connection because it does not preserve
under parallelism the N–connection splitting (9) (it is not adapted to the
N–connection structure). Let us parametrize its coefficients in the form
pΓ
α
βγ =
(
pL
i
jk,pL
a
jk,pL
i
bk, pL
a
bk,pC
i
jb,pC
a
jb,pC
i
bc,pC
a
bc
)
,
where
▽ek(ej) = pL
i
jkei + pL
a
jkea, ▽ek(eb) = pL
i
bkei + pL
a
bkea,
▽eb(ej) = pC
i
jbei + pC
a
jbea, ▽ec(eb) = pC
i
bcei + pC
a
bcea.
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A straightforward calculus6 shows that the coefficients of the Levi–Civita
connection can be expressed in the form
pL
i
jk = L
i
jk, pL
a
jk = −C
i
jbgikh
ab −
1
2
Ωajk, (37)
pL
i
bk =
1
2
Ωcjkhcbg
ji −
1
2
(δijδ
h
k − gjkg
ih)Cjhb,
pL
a
bk = L
a
bk +
1
2
(δac δ
b
d + hcdh
ab) [Lcbk − eb(N
c
k)] ,
pC
i
kb = C
i
kb +
1
2
Ωajkhcbg
ji +
1
2
(δijδ
h
k − gjkg
ih)Cjhb,
pC
a
jb = −
1
2
(δac δ
d
b − hcbh
ad)
[
Lcdj − ed(N
c
j )
]
, pC
a
bc = C
a
bc,
pC
i
ab = −
gij
2
{[
Lcaj − ea(N
c
j )
]
hcb +
[
Lcbj − eb(N
c
j )
]
hca
}
,
where Ωajk are computed as in formula (12). For certain considerations, it is
convenient to express
pΓ
γ
αβ = Γ̂
γ
αβ + pZ
γ
αβ (38)
where the explicit components of distorsion tensor pZ
γ
αβ can be defined
by comparing the formulas (37) and (36):
pZ
i
jk = 0, pZ
a
jk = −C
i
jbgikh
ab −
1
2
Ωajk,
pZ
i
bk =
1
2
Ωcjkhcbg
ji −
1
2
(δijδ
h
k − gjkg
ih)Cjhb,
pZ
a
bk =
1
2
(δac δ
b
d + hcdh
ab) [Lcbk − eb(N
c
k)] ,
pZ
i
kb =
1
2
Ωajkhcbg
ji +
1
2
(δijδ
h
k − gjkg
ih)Cjhb,
pZ
a
jb = −
1
2
(δac δ
d
b − hcbh
ad)
[
Lcdj − ed(N
c
j )
]
, pZ
a
bc = 0, (39)
pZ
i
ab = −
gij
2
{[
Lcaj − ea(N
c
j )
]
hcb +
[
Lcbj − eb(N
c
j )
]
hca
}
.
It should be emphasized that all components of pΓ
γ
αβ , Γ̂
γ
αβ and pZ
γ
αβ are
uniquely defined by the coefficients of d–metric (16) and N–connection (8),
or equivalently by the coefficients of the corresponding generic off–diagonal
metric (18).
6Such results were originally considered by R. Miron and M. Anastasiei for vector bun-
dles provided with N–connection and metric structures, see Ref. [108]. Similar proofs hold
true for any nonholonomic manifold provided with a prescribed N–connection structure
[228].
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2.3 On equivalent (non)holonomic formulations of gravity
theories
A N–anholonomic Riemann–Cartan manifold RCV is defined by a
d–metric g and a metric d–connection D structures. We can say that a
space RV̂ is a canonical N–anholonomic Riemann manifold if its d–connecti-
on structure is canonical, i.e. D =D̂. The d–metric structure g on RCV is
of type (16) and satisfies the metricity conditions (35). With respect to
a local coordinate basis, the metric g is parametrized by a generic off–
diagonal metric ansatz (18). For a particular case, we can treat the torsion
T̂ as a nonholonomic frame effect induced by a nonintegrable N–splitting.
We conclude that a manifold RV̂ is enabled with a nontrivial torsion (29)
(uniquely defined by the coefficients of N–connection (8), and d–metric (16)
and canonical d–connection (36) structures). Nevertheless, such manifolds
can be described alternatively, equivalently, as a usual (holonomic) Riemann
manifold with the usual Levi Civita for the metric (17) with coefficients
(18). We do not distinguish the existing nonholonomic structure for such
geometric constructions.
Having prescribed a nonholonomic n +m splitting on a manifold V, we
can define two canonical linear connections ∇ and D̂. Correspondingly, these
connections are characterized by two curvature tensors, pR
α
βγδ(∇) (com-
puted by introducing pΓ
α
βγ into (27) and (30)) and R
α
βγδ(D̂) (with the N–
adapted coefficients computed following formulas (31)). Contracting indices,
we can commute the Ricci tensor Ric(∇) and the Ricci d–tensor Ric(D̂)
following formulas (32), correspondingly written for ∇ and D̂. Finally, us-
ing the inverse d–tensor gαβ for both cases, we compute the corresponding
scalar curvatures sR(∇) and sR(D̂), see formulas (33) by contracting,
respectively, with the Ricci tensor and Ricci d–tensor.
The standard formulation of the Einstein gravity is for the connection
∇, when the field equations are written in the form (7). But it can be
equivalently reformulated by using the canonical d–connection, or other con-
nections uniquely defined by the metric structure. If a metric (18) g
αβ
is a
solution of the Einstein equations pEαβ = Υαβ, having prescribed a (n+m)–
decomposition, we can define algebraically the coefficients of a N–connection,
Nai , N–adapted frames eα (13) and e
β (14), and d–metric gαβ = [gij , hab]
(16). The next steps are to compute Γ̂γαβ , following formulas (36), and then
using (31), (32) and (33) for D̂, to define Êαβ (34). The Einstein equa-
tions with matter sources, written in equivalent form by using the canonical
d–connection, are
Êαβ = Υαβ +
ZΥαβ , (40)
where the effective source ZΥαβ is just the deformation tensor of the Ein-
stein tensor computed by introducing deformation (38) into the left part
of (7); all decompositions being performed with respect to the N–adapted
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co–frame (14), when pEαβ = Êαβ −
ZΥαβ . For certain matter field/ string
gravity configurations, the solutions of (40) also solve the equations (7).
Nevertheless, because of generic nonlinear character of gravity and gravity–
matter field interactions and functions defining nonholonomic distributions,
one could be certain special conditions when even vacuum configurations
contain a different physical information if to compare with usual holonomic
ones. We analyze some examples:
In our works [201, 228, 202], we investigated a series of exact solutions
defining N–anholonomic Einstein spaces related to generic off–diagonal solu-
tions in general relativity by such nonholonomic constraints when Ric(D̂) =
Ric(∇), even D̂ 6= ∇.7 In this case, for instance, the solutions of the Einstein
equations with cosmological constant λ,
R̂αβ = λgαβ (41)
can be transformed into metrics for usual Einstein spaces with Levi Civita
connection ∇. The idea is that for certain general metric ansatz, see sec-
tion 3.3, the equations (41) can be integrated in general form just for the
connection D̂ but not for ∇. The nontrivial torsion components
T̂ ija == −T̂
i
aj = Ĉ
i
ja, T̂
a
ji = T̂
a
ij = Ω
a
ji, T̂
a
bi = −T̂
a
ib =
∂Nai
∂yb
− L̂abi,
(42)
see (29), for some configurations, may be associated with an absolute anti-
symmetric H–fields in string gravity [53, 139], but nonholonomically trans-
formed to N–adapted bases, see details in [201, 228].
For more restricted configurations, we can search solutions with metric
ansatz defining Einstein foliated spaces, when
Ωcjk = 0, L̂
c
bk = eb(N
c
k), Ĉ
i
jb = 0, (43)
and the d–torsion components (42) vanish, but the N–adapted frame struc-
ture has, in general, nontrivial anholonomy coefficients, see (15). One
present a special interest a less constrained configurations with T̂ cjk =
Ωcjk 6= 0 when Ric(D̂) = Ric(∇) and T̂
i
jk = T̂
a
bc = 0, for certain general
ansatz T̂ ija = 0 and T̂
a
bi = 0, but R̂
α
βγδ 6=
p
Rαβγδ. In such cases, we con-
strain the integral varieties of equations (41) in such a manner that we
generate integrable or nonintegrable distributions on a usual Einstein space
defined by ∇. This is possible because if the conditions (43) are satisfied,
7One should be emphasized here that different type of connections on N–anholonomic
manifolds have different coordinate and frame transform properties. It is possible, for in-
stance, to get equalities of coefficients for some systems of coordinates even the connections
are very different. The transformation laws of tensors and d–tensors are also different if
some objects are adapted and other are not adapted to a prescribed N–connection struc-
ture.
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the deformation tensor pZ
γ
αβ = 0, see (39). For λ = 0, if n +m = 4, for
corresponding signature, we get foliated vacuum configurations in general
relativity.
For N–anholonomic manifolds Vn+n of odd dimensions, when m = n,
and if gij = hij (we identify correspondingly, the h- and v–indices), we
can consider a canonical d–connection D̂ = (hD̂, vD̂) with the nontrivial
coefficients with respect to eν and e
µ parametrized respectively Γ̂αβγ =
(L̂ijk = L̂
a
bk, Ĉ
i
jc = Ĉ
a
bc),
8 for
L̂ijk =
1
2
gih(ekgjh + ejgkh − ehgjk), (44)
Ĉabc =
1
2
gae(ebgec + ecgeb − eegbc),
defining the generalized Christoffel symbols. Such nonholonomic configura-
tions can be used for modelling generalized Finsler–Lagrange, and particular
cases, defined in Refs. [107, 108] for Vn+n = TM, see below section 3.1.
There are only three classes of d–curvatures for the d–connection (44),
R̂ihjk = ekL̂
i
hj − ejL̂
i
hk + L̂
m
hjL̂
i
mk − L̂
m
hkL̂
i
mj − Ĉ
i
haΩ
a
kj, (45)
P̂ ijka = eaL̂
i
jk − D̂kĈ
i
ja, Ŝ
a
bcd = edĈ
a
bc − ecĈ
a
bd + Ĉ
e
bcĈ
a
ed − Ĉ
e
bdĈ
a
ec,
where all indices a, b, ..., i, j, ... run the same values and, for instance, Cebc →
Cijk, ... Such locally anisotropic configurations are not integrable if Ω
a
kj 6= 0,
even the d–torsion components T̂ ijk = 0 and T̂
a
bc = 0. We note that for
geometric models on Vn+n, or on TM, with gij = hij , one writes, in
brief, Γ̂αβγ =
(
L̂ijk, Ĉ
a
bc
)
, or, for more general d–connections, Γαβγ =(
Lijk, C
a
bc
)
, see below section 3.1, on Lagrange and Finsler spaces.
3 Nonholonomic Deformations of Manifolds and
Vector Bundles
This section will deal mostly with nonholonomic distributions on manifolds
and vector/ tangent bundles and their nonholonomic deformations mod-
elling, on Riemann and Riemann–Cartan manifolds, different types of gen-
eralized Finsler–Lagrange geometries.
3.1 Finsler–Lagrange spaces and generalizations
The notion of Lagrange space was introduced by J. Kern [87] and elaborated
in details by R. Miron’s school, see Refs. [107, 108, 103, 104, 112, 106], as
8the equalities of indices ”i = a” are considered in the form ”i = 1 = a = n + 1,
i = 2 = a = n+ 2, ... i = n = a = n+ n”
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a natural extension of Finsler geometry [42, 145, 102, 24] (see also Refs.
[180, 183, 216, 201, 228], on Lagrange–Finsler super/noncommutative ge-
ometry). Originally, such geometries were constructed on tangent bundles,
but they also can be modelled on N–anholonomic manifolds, for instance, as
models for certain gravitational interactions with prescribed nonholonomic
constraints deformed symmetries.
3.1.1 Lagrange spaces
A differentiable Lagrangian L(x, y), i.e. a fundamental Lagrange func-
tion, is defined by a map L : (x, y) ∈ TM → L(x, y) ∈ R of class C∞ on
T˜M = TM\{0} and continuous on the null section 0 : M → TM of π. A
regular Lagrangian has non-degenerate Hessian
Lgij(x, y) =
1
2
∂2L(x, y)
∂yi∂yj
, (46)
when rank |gij | = n and
Lgij is the inverse matrix. A Lagrange space is
a pair Ln = [M,L(x, y)] with Lgij being of fixed signature over V = T˜M.
One holds the results: The Euler–Lagrange equations
d
dτ
(
∂L
∂yi
)
−
∂L
∂xi
= 0
where yi = dx
i
dτ for x
i(τ) depending on parameter τ, are equivalent to the
“nonlinear” geodesic equations
d2xa
dτ2
+ 2Ga(xk,
dxb
dτ
) = 0
defining paths of a canonical semispray
S = yi
∂
∂xi
− 2Ga(x, y)
∂
∂ya
where
2Gi(x, y) =
1
2
Lgij
(
∂2L
∂yi∂xk
yk −
∂L
∂xi
)
.
There exists on V ≃ T˜M a canonical N–connection
LNaj =
∂Ga(x, y)
∂yj
(47)
defined by the fundamental Lagrange function L(x, y), which prescribes non-
holonomic frame structures of type (13) and (14), Leν = (
Lei, ea) and
Leµ = (ei, Lea). One defines the canonical metric structure
Lg = Lgij(x, y) e
i ⊗ ej + Lgij(x, y)
Lei ⊗ Lej (48)
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constructed as a Sasaki type lift from M for Lgij(x, y), see details in [248,
107, 108].
There is a unique canonical d–connection LD̂ = (h LD̂, v LD̂) with
the coefficients LΓ̂αβγ = (
LL̂ijk,
LĈabc) computed by formulas (44) for
the d–metric (48) with respect to Leν and
Leµ. All such geometric objects,
including the corresponding to LΓ̂αβγ ,
Lg and LNaj d–curvatures
LR̂αβγδ =
(
LR̂ihjk,
LP̂ ijka,
LŜabcd
)
, see (45), are completely defined by a
Lagrange fundamental function L(x, y) for a nondegerate Lgij .
Let us consider how a Lagrange mechanics can be modelled on nonholo-
nomic Riemann, usual Riemann, or Riemann–Cartan manifolds. We take a
manifold V n+n, dimV = n + n, and consider a metric structure (18) for a
particular case when the values gij and N
a
i are respectively of type (46) and
(47) for a function L(x, y) on V, with nondegenerate Lgij . The preferred
frame structure on V is defined by introducing LNaj in the class of vierbein
transforms (22) with coefficients (23) and (24). All data can be redefined
for a d-metric (16) but generated by L in a form equivalent to Lg (48), with
that difference that the first geometric object is defined on a N–anholonomic
manifold but the second one is considered on a TM.
The next step of modelling is to decide what kind of linear connection
we chose. There are two canonical, equivalent, possibilities. If we take (36),
on V n+n, we model a Riemann–Cartan manifold with induced torsion (42),
in this case, completely defined by L and respective Lgij and
LNaj . We
can simplify the constructions for a normal canonical d–connection (44) and
generate a nonholonomic Riemann manifold with nonintegrable structure
LΩakj. Finally, we note that all constructions can be re–defined for the Levi
Civita connection if we consider L
p
Γγαβ =
LΓ̂γαβ +
L
p
Zγαβ of type (37),
where the values are computed following formulas (38) and (39) (also com-
pletely defined by L and respective Lgij and
LNaj ). Such constructions are
not adapted to the N–connection structure: we work with arbitrary frame
and coordinate transforms and hidden Lagrange structure which appear in
explicit form only with respect to certain preferred, N–adapted, frames of
reference.
We conclude that any regular Lagrange mechanics can be geometrized
as a nonholonomic Riemann manifold LV equipped with the canonical N–
connection LNaj (47). This geometrization was performed in such a way that
the N–connection is induced canonically by the semispray configurations
subjected the condition that the generalized nonlinear geodesic equations
are equivalent to the Euler–Lagrange equations for L. Such mechanical mod-
els and semispray configurations can be used for a study of certain classes
of nonholonomic effective analogous of gravitational interactions. The ap-
proach can be extended for more general classes of effective metrics, then
those parametrized by (48), see next sections. After Kern and Miron and
Anastasiei works, it was elaborated the so–called ”analogous gravity” ap-
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proach [18] with similar ideas modelling related to continuous mechanics,
condensed media.... It should be noted here, that the constructions for
higher order generalized Lagrange and Hamilton spaces [103, 104, 112, 106]
provided a comprehensive geometric formalism for analogous models in grav-
ity, geometric mechanics, continuous media, nonhomogeneous optics etc etc.
3.1.2 Finsler spaces
Following the ideas of the Romanian school on Finsler–Lagrange geometry
and generalizations, any Finsler space defined by a fundamental Finsler
function F (x, y), being homogeneous of type F (x, λy) = |λ| F (x, y), for
nonzero λ ∈ R, may be considered as a particular case of Lagrange space
when L = F 2 (on different rigorous mathematical definitions of Finsler
spaces, see [145, 102, 107, 108, 24, 17]; in our approach with applications to
physics, we shall not constrain ourself with special signatures, smooth class
conditions and special types of connections). Historically, the bulk of math-
ematicians worked in an inverse direction, by generalizing the constructions
from the Cartan’s approach to Finsler geometry in order to include into
consideration regular Lagrange mechanical systems, or to define Finsler ge-
ometries with another type of nonlinear and linear connection structures.
The Finsler geometry, in terms of the normal canonical d–connection (44),
derived for respective F gij and
FNaj , can be modelled as for the case of
Lagrange spaces consudered in the previous section: we have to change for-
mally all labels L → F and take into consideration possible conditions of
homogeneity (or TM, see the monographs [107, 108]).
For generalized Finsler spaces, a N–connection can be stated by a gen-
eral set of coeficients Naj subjected to certain nonholonomy conditions. Of
course, working with homogeneous functions on a manifold V n+n, we can
model a Finsler geometry both on holonomic and nonholonomic Riemannian
manifolds, or on certain types of Riemann–Cartan manifolds enabled with
preferred frame structures Feν = (
Fei, ea) and
Feµ = (ei, Fea). Bellow,
in the section 3.3, we shall discuss how certain type Finsler configurations
can be derived as exact solutions in Einstein gravity. Such constructions
allow us to argue that Finsler geometry is also very important in standard
physics and that it was a big confusion to treat it only as a ”sophisticated”
generalization of Riemann geometry, on tangent bundles, with not much
perspectives for modern physics.
In a number of works (see monographs [107, 108, 17]), it is emphasized
that the first example of Finsler metric was considered in the famous inaugu-
ration thesis of B. Riemann [144], long time before P. Finsler [58]. Perhaps,
this is a reason, for many authors, to use the term Riemann–Finsler geom-
etry. Nevertheless, we would like to emphasize that a Finsler space is not
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completely defined only by a metric structure of type
F gij =
1
2
∂2F
∂yi∂yj
(49)
originally considered on the vertical fibers of a tangent bundle. There are
necessary additional conventions about metrics on a total Finsler space,
N–connections and linear connections. This is the source for different ap-
proaches, definitions, constructions and ambiguities related to Finsler spaces
and applications. Roughly speaking, different famous mathematicians, and
their schools, elaborated their versions of Finsler geometries following some
special purposes in geometry, mechanics and physics.
The first complete model of Finsler geometry exists due to E. Cartan
[42] who in the 20-30th years of previous century elaborated the concepts of
vector bundles, Rieman–Cartan spaces with torsion, moving frames, devel-
oped the theory of spinors, Pfaff forms ... and (in coordinate form) operated
with nonlinear connection coefficients. The Cartan’s constructions were per-
formed with metric compatible linear connections which is very important
for applications to standard models in physics.
Latter, there were proposed different models of Finsler spaces with metric
not compatible linear connections. The most notable connections were those
by L. Berwald, S. -S. Chern (re–discovered by H. Rund), H. Shimada and
others (see details, discussions and bibliography in monographs [107, 108,
17, 145]). For d–connections of type (44), there are distinguished three cases
of metric compatibility (compare with h- and v-projections of formula (35)):
A Finsler connection FDα = (
FDk,
FDa) is called h–metric if
FDFi gij = 0;
it is called v–metric if FDa
F gij = 0 and it is metrical if both conditions are
satisfied.
Here, we note four of the most important Finsler d–connections having
their special geometric and (possible) physical merits:
1. The canonical Finsler connection F D̂ is defined by formulas (44),
but for F gij , i.e. as
F Γ̂αβγ =
(
F L̂ijk,
F Ĉabc
)
. This d–connection is
metrical. For a special class of N–connections CNaj (x
k, yb) = yk CLikj,
we get the famous Cartan connection for Finsler spaces, CΓαβγ =(
CLijk,
CCabc
)
, with
CLijk =
1
2
F gih( Cek
F gjh +
Cej
F gkh −
Ceh
F gjk), (50)
CCabc =
1
2
F gae(eb
F gec + ec
F geb − ee
F gbc),
where
Cek =
∂
∂xk
− CNaj
∂
∂ya
and eb =
∂
∂yb
,
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which can be defined in a unique axiomatic form [102]. Such canonical
and Cartan–Finsler connections, being metric compatible, for non-
holonomic geometric models with local anisotropy on Riemann or
Riemann–Cartan manifolds, are more suitable with the paradigm of
modern standard physics.
2. The Berwald connection BD was introduced in the form BΓαβγ =(
∂ CNbj
∂ya , 0
)
[27]. This d–connection is defined completely by the N–
connection structure but it is not metric compatible, both not h–metric
and not v–metric.
3. The Chern connection ChD was considered as a minimal Finsler
extension of the Levi Civita connection, ChΓαβγ =
(
CLijk, 0
)
, with
CLijk defined as in (50), preserving the torsionless condition, being
h–metric but not v–metric. It is an interesting case of nonholonomic
geometries when torsion is completely transformed into nonmetricity
which for physicists presented a substantial interest in connection to
the Weyl nonmetricity introduced as a method of preserving conformal
symmetry of certain scalar field constructions in general relativity, see
discussion in [70]. Nevertheless, it should be noted that the construc-
tions with the Chern connection, in general, are not metric compatible
and can not be applied in direct form to standard models of physics.
4. There is also theHashiguchi connection HΓαβγ =
(
∂ CNbj
∂ya ,
CCabc
)
,
with CCabc defined as in (50), which is v–metrical but not h–metrical.
It should be noted that all mentioned types of d–connections are uniquely
defined by the coefficients of Finsler type d–metric and N–connection struc-
ture (equivalently, by the coefficients of corresponding generic off–diagonal
metric of type (18)) following well defined geometric conditions. From such
d–connections, we can always ’extract’ the Levi Civita connection, using
formulas of type (37), (38) and (39), and work in ’non–adapted’ (to N–
connection) form. From geometric point of view, we can work with all
types of Finsler connections and elaborate equivalent approaches even dif-
ferent connections have different merits in some directions of physics. For
instance, in [107, 108], there are considered the Kawaguchi metrization pro-
cedure and the Miron’s method of computing all metric compatible Finsler
connections starting with a canonical one. It was analyzed also the problem
of transforming one Finsler connection into different ones on tangent bundles
and the formalism of mutual transforms of connections was reconsidered for
nonholonomic manifolds, see details in [228].
Different models of Finsler spaces can be elaborated in explicit form
for different types of d–metrics, N–connections and d–connections. For in-
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stance, for a Finsler Hessian (49) defining a particular case of d–metrics
(48), or (16), denoted Fg, for any type of connection (for instance, canon-
ical d–connection, Cartan–Finsler, Berwald, Chern, Hashigushi etc), we
can compute the curvatures by using formulas (45) when ”hat” labels are
changed into the corresponding ones ”C,B,Ch,H...”. This way, we model
Finsler geometries on tangent bundles, like it is considered in the bulk of
monographs [42, 102, 145, 107, 108, 24, 17], or on nonholonomic manifolds
[241, 243, 73, 25, 228].
With the aim to develop new applications in standard models of physics,
let say in classical general relativity, when Finsler like structures are mod-
elled on a (pseudo) Riemannian manifold (we shall consider explicit exam-
ples in the next sections), it is positively sure that the canonical Finsler and
Cartan connections, and their variants of canonical d–connection on vector
bundles and nonholonomic manifolds, should be preferred for constructing
new classes of Einstein spaces and defining certain low energy limits to lo-
cally anisotropic string gravity models. Here we note that it is a very difficult
problem to define Finsler–Clifford spaces with Finsler spinors, noncommuta-
tive generalizations to supersymmetric/ noncommutative Finsler geometry
if we work with nonmetric d–connections, see discussions in [228, 225, 183].
We cite a proof [17] that any Lagrange fundamental function L can
be modelled as a singular case for a certain class of Finsler geometries of
extra dimension (perhaps, the authors were oriented to prove from a math-
ematical point of view that it is not necessary to develop Finsler geometry
as a new theory for Lagrange spaces, or their dual constructions for the
Hamilton spaces). This idea, together with the method of Kawaguchi–Miron
transforms of connections, can be related to the H. Poincare philosophical
concepts about conventionality of the geometric space and field interaction
theories [137, 138]. According to the Poincare’s geometry–physics dualism,
the procedure of choosing a geometric arena for a physical theory is a ques-
tion of convenience for researches to classify scientific data in an economical
way, but not an action to be verified in physical experiments: as a matter of
principe, any physical theory can be equivalently described on various types
of geometric spaces by using more or less ”simple” geometric objects and
transforms.
Nevertheless, the modern physics paradigm is based on the ideas of ob-
jective reality of physical laws and their experimental and theoretical ver-
ifications, at least in indirect form. The concept of Lagrangian is a very
important geometrical and physical one and we shall distinguish the cases
when we model a Lagrange or a Finsler geometry. A physical or mechanical
model with a Lagrangian is not only a ”singular” case for a Finsler geometry
but reflects a proper set of concepts, fundamental physical laws and symme-
tries describing real physical effects. We use the terms Finsler and Lagrange
spaces in order to emphasize that they are different both from geometric
and physical points of view. Certain geometric concepts and methods (like
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the N–connection geometry and nonholonomic frame transforms ...) are
very important for both types of geometries, modelled on tangent bundles
or on nonholonomic manifolds. This will be noted when we use the term
Finsler–Lagrange geometry (structures, configurations, spaces).
One should be emphasized that the author of this review should not
be considered as a physicist who does not accept nonmetric geometric con-
structions in modern physics. For instance, the Part I in monograph [228] is
devoted to a deep study of the problem when generalized Finsler–Lagrange
structures can be modelled on metric–affine spaces, even as exact solutions
in gravity with nonmetricity [70], and, inversely, the Lagrange–affine and
Finsler–affine spaces are classified by nonholonomic structures on metric–
affine spaces. It is a question of convention on the type of physical theories
one models by geometric methods. The standard theories of physics are
formulated for metric compatible geometries, but further developments in
quantum gravity may request certain type of nonmetric Finsler like geome-
tries, or more general constructions. This is a topic for further investigations.
3.1.3 Generalized Lagrange spaces
There are various application in optics of nonhomogeneous media and grav-
ity (see, for instance, Refs. [108, 228, 57, 201]) considering metrics of type
gij ∼ e
λ(x,y) Lgij(x, y) which can not be derived directly from a mechanical
Lagrangian. The ideas and methods to work with arbitrary symmetric and
nondegenerated tensor fields gij(x, y) were concluded in geometric and phys-
ical models for generalized Lagrange spaces, denoted GLn = (M,gij(x, y)),
on T˜M, see [107, 108], where gij(x, y) is called the fundamental tensor
field. Of course, the geometric constructions will be equivalent if we shall
work on N–anholonomic manifolds Vn+n with nonholonomic coordinates y.
If we prescribe an arbitrary N–connection Nai (x, y) and consider that a met-
ric gij defines both the h– and -v–components of a d–metric (16), we can
introduce the canonical d–connection (44) and compute the components of
d–curvature (45), define Ricci and Einstein tensors, elaborate generalized
Lagrange models of gravity.
If we work with a general fundamental tensor field gij which can not be
transformed into Lgij , we can consider an effective Lagrange function
9,
L(x, y) + gab(x, y)y
ayb
and use
Lgab +
1
2
∂2L
∂ya∂yb
(51)
9in [107, 108], it is called the absolute energy of a GLn–space, but for further applica-
tions in modern gravity the term ”energy” may result in certain type ambiguities
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as a Lagrange Hessian (48). A space GLn = (M,gij(x, y)) is said to be with
a weakly regular metric if Ln =
[
M,L =
√
|L|)
]
is a Lagrange space. For
such spaces, we can define a canonical nonlinear connection structure
LNaj (x, y) +
∂ LGa
∂yj
, (52)
for
LGa =
1
4
Lgab
(
yk
∂L
∂yb∂xk
−
∂L
∂xa
)
=
1
4
Lgab
(
∂gbc
∂yd
+
∂gbd
∂yc
−
∂gcd
∂yb
)
ycyd,
which allows us to write LNaj is terms of the fundamental tensor field
gij(x, y). The geometry of such generalized Lagrange spaces is completely
similar to that of usual Lagrange one, with that difference that we start not
with a Lagrangian but with a fundamental tensor field.
In our papers [204, 3], we proposed to see also nonholonomic transforms
of a metric Lga′b′(x, y)
gab(x, y) = e
a′
a (x, y)e
b′
b (x, y)
Lga′b′(x, y) (53)
when
Lga′b′ +
1
2
(ea′eb′L+ eb′ea′L) =
0ga′b′ ,
for ea′ = e
a
a′(x, y)
∂
∂ya , where
0ga′b′ are constant coefficients (or in a more
general case, they should result in a constant matrix for the d–curvatures
(31) of a canonical d–connection (36)). Such constructions allowed to de-
rive proper solitonic hierarchies and bi–Hamilton structures for any (pseudo)
Riemannian or generalized Finsler–Lagrange metric. The point was to work
not with the Levi Civita connection (for which the solitonic equations be-
came very cumbersome) but with a correspondingly defined canonical d–
connection allowing to apply well defined methods from the geometry of
nonlinear connections. Having encoded the ”gravity and geometric mechan-
ics” information into solitonic hierarchies and convenient d–connections, the
constructions were shown to hold true if they are ”inverted” to those with
usual Levi Civita connections.
3.2 Effective Finsler–Lagrange (algebroid) structures
All valuable physical solutions in general gravity and generalizations are
characterized by corresponding symmetries of spacetime metrics, see re-
views of such constructions in Refs. [90, 28] and, for nonholonomic solutions,
[228]. For instance, a special importance is given to spacetimes with spher-
ical, cylindrical, or toroidal symmetries, and, in general, to gravitational
30
distributions characterized by Killing symmetries, or by metrics conformal
to the flat Minkowski metric. In this section, we show that, as a matter
of principle, any (pseudo) Riemannian manifold can be deformed by non-
holonomic trasforms into some classes of N–anholonomic manifolds and/or
gravitational Lie algebroid configurations [202].
We note that applying any general frame or coordinate transforms (1),
when the metric transforms are of type gαβ = A
α′
α (u)A
β′
β (u)gα′β′ , a La-
grange, or Finsler, structure, characterized by a ”prime” d–metrics of type
(48), with coefficients (46), or (49), became ”hidden” into some general for-
mulas for metrics and linear connections. The bulk of solutions in Einstein
gravity and generalizations can be associated to certain models of generalized
Lagrange (or Finsler) spaces not in explicit form but via some special types of
nonholonomic deformations (transforms) of the frame/ N–connection, met-
ric and linear connection structures.
The aim of this section is to examine some important examples of non-
holonomic transforms preserving the N–connection splitting (9).
3.2.1 N–adapted nonholonomic transforms
We use the term ”transforms/ transformations” of geometric objects if we
work with usual transforms of the local frames. The spacetime geometry
and geometrical objects are not changed under such transforms. Fixing a
frame structure (holonomic or nonholonomic one), we can consider ”defor-
mations” of geometric objects induced by deformations of the metric, or
linear connection structure.
The spacetime geometry and geometric objects are changed under holo-
nomic of nonholonomic deformations. For instance, fixing a co-frame eα
′
=
duα
′
, we define conformal maps of metrics as local re–scaling of metric co-
efficients,
g = gα′β′ e
α′ ⊗ eβ
′
→ ωg = ω2gαβ e
α ⊗ eβ ,
i.e. ωgαβ = ω
2(u)gαβ(u), when e
α = δαα′e
α′ which mean that we deform the
metric structure and the spacetime geometry is changed under such maps
(we get another types of connections and curvatures). In an alternative
form, we can say that a conformal transform of metric, ωg, is generated
from g by an active frame transform eα
′
→ eα = ωδαα′e
α′ . Such (active)
frame transforms preserve the spacetime geometry. Similar properties exist
for more general classes of transforms (deformations) on N–anholonomic
manifolds.
In the simplest case, for a fixed trivial N–connection structure in (23),
when Nai = 0 and e
i
i (u) = ω(u) δ
i
i and e
a
a (u) = ω(u) δ
a
a , we model confor-
mal transforms ωgαβ = ω
2(u)g
αβ
, where g
αβ
is a flat metric on a manifold
V n+m. For nontrivial N–connection structures, it is convenient to distinguish
four general classes of nonholonomic frame transforms (deformations):
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General frame transforms on N–anholonomic manifolds:
Any N–anholonomic structure can be induced by a series of chains of one,
two, three,..., k, ... frame transforms (1):
eα = e
α
α (u)eα, (54)
2eα =
2e αα (u)eα = A
α′
α (u)A
α
α′ (u)eα,
3eα =
3e αα (u)eα = A
α′′
α (u)A
α′
α′′ (u)A
α
α′ (u)eα,
...
keα =
ke αα (u)eα = A
α′′′...k
α (u)...A
α′′
α (u)A
α′
α′′ (u)A
α
α′ (u)eα,
...
where the left–up index label the number of transforms in a chain and we can
chose a coordinate base eα = ∂α. The (n+m)×(n+m) dimensional matrices
A α
′′′...k
α , ..., A
α′′
α , A
α′
α′′ , A
α
α′ (u) parametrize arbitrary frame transforms but
subjected to the condition that their product ke
α
α results is a triangle
matrix of type (23), which induces at the final step of transforms, with fixed
(n+m)–splitting, a N–connection structure (13).
Having generated a N–anholonomic frame structure eα, applying su-
perpositions of nonholonomic transforms, we get, in general, hidden N–
anholonomic frame structures of type
eα =
kA αα (u)eα = A
α′′′...k
α (u)...A
α′′
α (u)A
α′
α′′ (u)A
α
α′ (u)eα. (55)
We conclude that if a (n+m)–splitting is prescribed by a N–connection Nai
on a nonholonomic manifold V, we always can model this structure by cer-
tain chains of nonholonomic frames even the elements of the chains may not
result in explicit forms of N–anholonomic frames. If the N–anholonomic
structure of Vn+n is, for instance, of Lagrange type with canonical N–
connection (13), by chains of transforms (55), we can hide the Lagrange
structure (and, inversely, we can extract the Lagrange structure by chains of
frame transforms (54) from certain special Riemannian or Riemann–Cartan
configutations). In a more general context, we can work with generalized La-
grange structures Lgab(u) and
LNaj (u), see respectively (51) and (52), and
(53), hidden or embedded in explicit form into a nonholonomic Riemannian
space. The aim of such transforms is to relate a (pseudo) Riemannian metric
structure (it can be a solution of the gravitational field equations) to cer-
tain generalized Lagrange, or Finsler, geometries which allows to apply new
geometric methods and define additional symmetries and conservation laws,
for instance, associated to bi–Hamilton structures and solitonic hierarchies.
N–adapted frame transforms:
For the class of general nonholonomic transforms considered above, we can
can associate subclasses of matrices of type (23) for any element of the
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chains,
eα = e
α
α (u)eα, (56)
2eα =
2e αα (u)eα = e
α′
α (u)e
α
α′ (u)eα,
3eα =
3e αα (u)eα = e
α′′
α (u)e
α′
α′′ (u)e
α
α′ (u)eα,
...
keα =
ke αα (u)eα = e
α′′′...k
α (u)...e
α′′
α (u)e
α′
α′′ (u)e
α
α′ (u)eα,
...
which, for every step, transform an N–adapted base into another one, in
general, with different N–connection coefficients, but with the same n and
m for the (n+m)–splitting. The reason to introduce such transforms is to
relate a d–metric and N–connection structure to a special type ansatz for
which the Einstein equations became integrable in general form, see section
3.3. There are possible chains of N–anholonomic frame transforms when
some Lagrange spaces are nonholonomically related to generalized Lagrange
spaces and then to some classes of exact solutions of the Einstein equations.
The superpositions of nonholonomic frame transforms may be defined to
depend on some classes of parameters, see details in ref. [209]. All types of
nonholonomic deformations may be considered to change the signature of
metrics if such constructions are necessary.
N–connection transforms with fixed h– and v–metrics:
For some purposes, for instance, in constructing exact solutions, or defining
analogous models of gravity, it is useful to work with more special classes of
nonholonomic deformations. The transforms of vielbeins (23) of type
e αα =
[
e
i
i (u) N
b
i (u)e
a
b (u)
0 e
a
a (u)
]
→ ηe αα =
[
e
i
i (u) η
b
i (u)N
b
i (u)e
a
b (u)
0 e
a
a (u)
]
,
preserve the h– and v–components of a d–metric (16), ηgij = gij = e
i
i e
j
j gij
and ηgab = gab = e
a
a e
b
b gab, for some prescribed values gij and gab, but
transform the N–connection,
N ij →
ηN ij = η
b
iN
b
i , (57)
where we do not consider summation on repeating both up/low indices.
Usually, it is supposed that such deformations of the N–connection structure
preserve the n– and m–dimensions of splitting (9).
N–anholonomic transforms of h– and v–metrics:
We can fix a N–connection N bi (u) and consider frame tranforms of type
e αα =
[
e
i
i N
b
i e
a
b
0 e
a
a
]
→ ηe αα =
[
η
i
i e
i
i N
b
i e
a
b
0 η
a
a e
a
a
]
,
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which result in deformations of the h– and v–metrics, respectively,
gij(u) = e
i
i (u)e
j
j (u)gij (58)
→ Ngij(u) = η
i
i (u)η
j
j (u)e
i
i (u)e
j
j (u)gij
and
gab(u) = e
a
a (u)e
b
b (u)gab(u) (59)
→ Ngab(u) = η
a
a (u)η
b
b (u)e
a
a (u)e
b
b (u)gab,
where we do not consider summation on indices for η
i
i e
i
i but the Einstein
summation rule is applied, for instance to ”up–low” repeating indices like
on underlined ones in e
a
a e
b
b gab.
For n +m = 2 + 2, for simplicity, we can work only with diagonalized
matrices for the h– and v–components of d–metrics of type (16), when gij =
diag[g1(u), g2(u)] and hab = diag[h3(u), h4(u)] (such diagonalizations can
be performed by coordinate transforms for matrices of dimension 3× 3 and
2 × 2). We can write in effectively diagonalized forms the deformations of
h– and v–metrics, respectively, (58) and (59),
gα = [gi(u), ha(u)]→
ηgα = [
ηgi = ηi(u)gi(u),
ηhi = ηa(u)ha(u)] ,
where ηα(u) = [ηi(u), ηa(u)] are called polarization functions, see exact so-
lutions with such polarization functions in Ref. [228, 201]. The reason to
introduce such polarizations was that for small polarizations ηa ∼ 1+ εa(u),
where |εa| ≪ 1, it was possible to generate small nonholonomic deforma-
tions of solutions of the Einstein equations, belonging in general to a class
of exact solutions, but for small deformations possessing, for instance, black
ellipsoid properties.
3.2.2 Lie algebroids and N–connections
A Lie algebroid A + (E, [·, ·], ρ) is defined as a vector bundle E = (E, π,
M), with a surjective projection π : E →M,dimM = n and dimE = n+m,
provided with algebroid structure ([·, ·], ρ), where [·, ·] is a Lie bracket
on the C∞(M)–module of sections of E, denoted Sec(E), and the ’anchor’
ρ is defined as a bundle map ρ : E →M such that
[X, fY ] = f [X,Y ] + ρ(X)(f)Y
for X,Y ∈ Sec(E) and f ∈ C∞(M), see [98, 100] for general results and
some applications of Lie algebroid geometry. In local form, the Lie algebroid
structure is defined by its structure functions ρia(x) and C
d
ab(x) on M,
determined by the relations
ρ(ea) = ρ
i
a(x)ei, (60)
[ea, eb] = C
d
ab(x)ed (61)
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and subjected to the structure equations
ρja
∂ρib
∂xj
− ρjb
∂ρib
∂xj
= ρjdC
d
ab and
∑
cyclic(a,b,c)
(
ρja
∂Cdbc
∂xj
+ CdafC
f
bc
)
= 0, (62)
for any local basis ea = (ei, ea) on E .
We extended the Lie algebroid constructions for nonholonomic manifolds
and vector bundles provided with N–connection structure N = {Nai (x, y)},
respectively, on V and E, and introduced the concept of N–anholonomic
manifold NA + (V, [·, ·], ρˇ), see details and references in [202, 210] (we note
that in this work we use ρˇ instead of ρ̂).
The Lie algebroid and N–connection structures prescribe a subclass of
local both N–adapted and [·, ·]–adapted frames
eˇα = (ei =
∂
∂xi
− Nˇaieˇa, eˇb) (63)
and dual coframes
eˇα = (ei, eˇb = eˇb + Nˇ bidx
i), (64)
for some
eˇb = eˇ
b
b ∂b, (65)
when eˇc⌋eˇ
b = δbc. The N–connection coefficients may be redefined as
N = N
a
i(u)dx
i ⊗
∂
∂ya
= Nˇ bi(u)e
i ⊗ eˇb,
where Nˇ bi = eˇ
b
a N
a
i and there are underlined the indices defining the coef-
ficients with respect to a local coordinate basis.
Any Lie algebroid structure can be adapted to a prescribed N–connection
and resulting frame structures (63) and (64). This can be done following
the procedure: Let us re–define the coefficients of the anchor and structure
functions with respect to the eα and e
α, when
ρ
i
b(x) → ρˇ
i
b(x, y) = e
i
i(x, y) e
b
b (x, y)ρ
i
b(x),
C
f
db(x) → C
f
db(x, y) = e
f
f (x, y) e
d
d (x, y) e
b
b (x, y)C
f
db(x),
where the transform e–matrices are linear on coefficients Nai as can be ob-
tained from (23). In terms of N–adapted anchor ρˇib(x, y) and structure
functions Cfdb(x, y) (which depend also on variables y
a), the structure equa-
tions of the Lie algebroids (60), (61) and (62) transform respectively into
ρˇ(eˇb) = ρˇ
i
b(x, y) ei, (66)
[eˇd, eˇb] = C
f
db(x, y) eˇf (67)
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and
ρˇjaej(ρ̂
i
b)− ρˇ
j
bej(ρ̂
i
a) = ρˇ
j
eC
e
ab, (68)∑
cyclic(a,b,e)
(
ρˇjaej(C
f
be) +C
f
agC
g
be −C
f ′
b′e′ ρˇ
j
aQ
fb′e′
f ′bej
)
= 0,
for Qfb
′e′
f ′bej = e
b′
be
e′
ee
f
f ′ ej(e
b
b e
e
e e
f
f ) computed for the values e
b′
b and e
f
f ′
taken from (23) and (24).
Using N–anholonomic Lie algebroid structures, we can apply certain
methods of Finsler and Lagrange geometry to spacetimes provided with
arbitrary d–metrics (16) when gij 6= hab, see details and examples of exact
solutions in Refs. [210]. In the simplest case, for a N–anholomic mani-
fold Vn+n, we can work with a trivial anchor structure ρˇja = 0, when the
conditions (66) and (68) are satisfied for certain nonholonomic frame con-
figurations, but with the bracket [·, ·] induced by decomposition
hab(u) = eˇ
a′
a(u)eˇ
b′
b(u)ga′b′(u)
with
gˇ = gij(x, y)
(
dxi ⊗ dxj + eˇiaeˇ
i
bdy
a ⊗ dyb
)
= gij(x, y)
(
dxi ⊗ dxj + eˇi ⊗ eˇj
)
(69)
where eˇi = eˇiady
a states the coefficients Cfdb(x, y) for (67).
10 We can say
that if gij 6= hab, on V
n+n, or TM, we work similarly with the generalized
Lagrange spaces but with modified prescribed frame structures (63) and
(64) when nonholonomy coefficients are nontrivial both for the h–part and
v–part. In a particular case, we can consider that gij(x, y) from (69) is of
type Lgij(x, y), see (46) and (48) (in certain more general or particular cases
we can take (53), (51) or (49)), which models a Lagrange N–algebroid struc-
ture (respectively, generalized Lagrange, or Finsler, N–algebroid structure).
To work on generalized Lagrange N–algebroids with d–metrics of type (69)
is convenient if we apply some methods from almost Hermitian/ K¨ahler
geometry, see section 4. The Einstein equations for the d–metric (69) and
canonical d–connection defined with respect to N–adapted bases (63) and
(64) are equivalent to equations (40) for the canonical d–connection (36),
redefined with respect to N–algebroid bases.
3.3 An ansatz for constructing exact solutions
We consider a four dimensional (4D) manifold V of necessary smooth class
and conventional splitting of dimensions dimV = n+m for n = 2 andm = 2.
10see Refs. [202, 210] for constructions with nontrivial ρˇ; algebroid models with non-
trivial anchor maps are useful in extra dimension gravity, for instance, with nonholonomic
splitting of dimensions of type n+m ≥ 5, when n ≥ 2 and m ≥ n; for simplicity, we omit
such constructions in this work
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The local coordinates are labelled in the form uα = (xi, ya) = (x1, x2, y3 =
v, y4), for i = 1, 2 and a, b, ... = 3, 4.
The ansatz of type (16) is parametrized in the form
g = g1(x
i)dx1 ⊗ dx1 + g2
(
xi
)
dx2 ⊗ dx2
+h3
(
xk, v
)
δv ⊗ δv + h4
(
xk, v
)
δy ⊗ δy,
δv = dv + wi
(
xk, v
)
dxi, δy = dy + ni
(
xk, v
)
dxi (70)
with the coefficients defined by some necessary smooth class functions of
type
g1,2 = g1,2(x
1, x2), h3,4 = h3,4(x
i, v), wi = wi(x
k, v), ni = ni(x
k, v).
The off–diagonal terms of this metric, written with respect to the coordinate
dual frame duα = (dxi, dya), can be redefined to state a N–connection struc-
tureN = [N3i = wi(x
k, v),N4i = ni(x
k, v)] with a N–elongated co–frame (14)
parametrized as
e1 = dx1, e2 = dx2, e3 = δv = dv + widx
i, e4 = δy = dy + nidx
i. (71)
This vielbein is dual to the local basis
ei =
∂
∂xi
− wi
(
xk, v
) ∂
∂v
− ni
(
xk, v
) ∂
∂y5
, e3 =
∂
∂v
, e4 =
∂
∂y5
, (72)
which is a particular case of the N–adapted frame (13). The metric (70) does
not depend on variable y4, i.e. it possesses a Killing vector e4 = ∂/∂y
4, and
distinguish the dependence on the so–called ”anisotropic” variable y3 = v.
Computing the components of the Ricci and Einstein tensors for the
metric (70) and canonical d–connection (see details on tensors components’
calculus in Refs. [210, 228]), one proves that the Einstein equations (40) for
a diagonal with respect to (71) and (72) source,
Υαβ +
ZΥαβ = [Υ
1
1 = Υ2(x
i, v),Υ22 = Υ2(x
i, v),Υ33 = Υ4(x
i),Υ44 = Υ4(x
i)]
(73)
transform into this system of partial differential equations:
R̂11 = R̂
2
2 (74)
=
1
2g1g2
[
g•1g
•
2
2g1
+
(g•2)
2
2g2
− g••2 +
g
′
1g
′
2
2g2
+
(g
′
1)
2
2g1
− g
′′
1 ] = −Υ4(x
i),
Ŝ33 = Ŝ
4
4 =
1
2h3h4
[
h∗4
(
ln
√
|h3h4|
)∗
− h∗∗4
]
= −Υ2(x
i, v), (75)
R̂3i = −wi
β
2h4
−
αi
2h4
= 0, (76)
R̂4i = −
h3
2h4
[n∗∗i + γn
∗
i ] = 0, (77)
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where, for h∗3,4 6= 0,
αi = h
∗
4∂iφ, β = h
∗
4 φ
∗, γ =
3h∗4
2h4
−
h∗3
h3
, (78)
φ = ln |h∗3/
√
|h3h4||, (79)
when the necessary partial derivatives are written in the form a• = ∂a/∂x1,
a′ = ∂a/∂x2, a∗ = ∂a/∂v. In the vacuum case, we must consider Υ2,4 = 0.
We note that we use a source of type (73) in order to show that the an-
holonomic frame method can be applied also for non–vacuum solutions,
for instance, when Υ2 = λ2 = const and Υ4 = λ4 = const, defining lo-
cally anisotropic configurations generated by an anisotropic cosmological
constant, which in its turn, can be induced by certain ansatz for the so–
called H–field (absolutely antisymmetric third rank tensor field) in string
theory [201, 228, 210]. Here we note that the off–diagonal gravitational in-
teractions can model locally anisotropic configurations even if λ2 = λ4, or
both values vanish.
In string gravity, the nontrivial torsion components and source κΥαβ
can be related to certain effective interactions with the strength (torsion)
Hµνρ = eµBνρ + eρBµν + eνBρµ
of an antisymmetric field Bνρ, when
Rµν = −
1
4
H νρµ Hνλρ (80)
and
DλH
λµν = 0, (81)
see details on string gravity, for instance, in Refs. [53, 139]. The conditions
(80) and (81) are satisfied by the ansatz
Hµνρ = Ẑµνρ + Ĥµνρ = λ[H]
√
| gαβ |ενλρ (82)
where ενλρ is completely antisymmetric and the distorsion (from the Levi–
Civita connection) and
Ẑµαβe
µ = eβ⌋Tα − eα⌋Tβ +
1
2
(eα⌋eβ⌋Tγ) e
γ
is defined by the torsion tensor (28). Our H–field ansatz is different from
those already used in string gravity when Ĥµνρ = λ[H]
√
| gαβ |ενλρ. In our
approach, we define Hµνρ and Ẑµνρ from the respective ansatz for the H–
field and nonholonomically deformed metric, compute the torsion tensor for
the canonical distinguished connection and, finally, define the ’deformed’
H–field as Ĥµνρ = λ[H]
√
| gαβ |ενλρ − Ẑµνρ.
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Summarizing the results for an ansatz (70) with arbitrary signatures
ǫα = (ǫ1, ǫ2, ǫ3, ǫ4) (where ǫα = ±1) and h
∗
3 6= 0 and h
∗
4 6= 0, one proves
[201, 210, 228] that any off–diagonal metric
◦g = eψ(x
i)
[
ǫ1 dx
1 ⊗ dx1 + ǫ2 dx
2 ⊗ dx2
]
+ǫ3h
2
0(x
i)
[
f∗
(
xi, v
)]2
|ς
(
xi, v
)
| δv ⊗ δv
+ǫ4
[
f
(
xi, v
)
− f0(x
i)
]2
δy4 ⊗ δy4,
δv = dv + wk
(
xi, v
)
dxk, δy4 = dy4 + nk
(
xi, v
)
dxk, (83)
where ψ(xi) is a solution of the 2D equation
ǫ1ψ
•• + ǫ2ψ
′′
= Υ4,
for a given source Υ4
(
xi
)
,
ς
(
xi, v
)
= ς[0]
(
xi
)
−
ǫ3
8
h20(x
i)
∫
Υ2(x
k, v)f∗
(
xi, v
) [
f
(
xi, v
)
− f0(x
i)
]
dv,
and the N–connection coefficients N3i = wi(x
k, v) and N4i = ni(x
k, v) are
computed following the formulas
wi = −
∂iς
(
xk, v
)
ς∗ (xk, v)
(84)
and
nk =
1nk
(
xi
)
+ 2nk
(
xi
) ∫ [f∗ (xi, v)]2
[f (xi, v)− f0(xi)]
3 ς
(
xi, v
)
dv, (85)
define an exact solution of the system of Einstein equations (74)–(77). It
should be emphasized that such solutions depend on arbitrary nontrivial
functions f
(
xi, v
)
(with f∗ 6= 0), f0(x
i), h20(x
i), ς[0]
(
xi
)
, 1nk
(
xi
)
and
2nk
(
xi
)
, and sources Υ2(x
k, v),Υ4
(
xi
)
. Such values for the corresponding
signatures ǫα = ±1 have to be defined by certain boundary conditions and
physical considerations. These classes of solutions depending on integration
functions are more general than those for diagonal ansatz depending, for
instance, on one radial variable like in the case of the Schwarzschild solution
(when the Einstein equations are reduced to an effective nonlinear ordinary
differential equation, ODE). In the case of ODE, the integral varieties de-
pend on integration constants which can be defined from certain boundary/
asymptotic and symmetry conditions, for instance, from the constraint that
far away from the horizon the Schwarzschild metric contains corrections from
the Newton potential. Because the ansatz (70) results in a system of nonlin-
ear partial differential equations (74)–(77), the solutions depend not only on
integration constants, but on very general classes of integration functions.
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The ansatz of type (70) with h∗3 = 0 but h
∗
4 6= 0 (or, inversely, h
∗
3 6= 0
but h∗4 = 0) consist more special cases and request a bit different method
of constructing exact solutions. Nevertheless, such type solutions are also
generic off–diagonal and they may be of substantial interest (the length of
paper does not allow to include an analysis of such particular cases).
A very general class of exact solutions of the Einstein equations with
nontrivial sources (73), in general relativity, is defined by the ansatz
◦
p
g = eψ(x
i)
[
ǫ1 dx
1 ⊗ dx1 + ǫ2 dx
2 ⊗ dx2
]
(86)
+h3
(
xi, v
)
δv ⊗ δv + h4
(
xi, v
)
δy4 ⊗ δy4,
δv = dv + w1
(
xi, v
)
dx1 + w2
(
xi, v
)
dx2,
δy4 = dy4 + n1
(
xi
)
dx1 + n2
(
xi
)
dx2,
with the coefficients restricted to satisfy the conditions
ǫ1ψ
•• + ǫ2ψ
′′
= Υ4,
h∗4φ/h3h4 = Υ2, (87)
w′1 − w
•
2 +w2w
∗
1 − w1w
∗
2 = 0,
n′1 − n
•
2 = 0,
for wi = ∂iφ/φ
∗, see (79), for given sources Υ4(x
k) and Υ2(x
k, v). We note
that the second equation in (87) relates two functions h3 and h4 and the
third and forth equations satisfy the conditions (43).
Even the ansatz (70) depends on three coordinates (xk, v), it allows us
to construct more general classes of solutions for d–metrics, depending on
four coordinates: such solutions can be related by chains of nonholonomic
transforms (54), (56), or (58) and (59). New classes of generic off–diagonal
solutions will describe nonhlonomic Einstein spaces related to string gravity,
if one of the chain metric is of type (83), or in Einstein gravity, if one of the
chain metric is of type (86). The geometries of such spacetimes are modelled
equivalently by corresponding classes of N–anholonomic algebroids provided
with metric structures of type (69).
4 Einstein Gravity and Lagrange–Ka¨hler Spaces
We show how nonholonomic Riemannian spaces and generalized Lagrange
algebroids can be transformed into almost Hermitian manifolds enabled with
nonintegrable almost complex structures.
4.1 Generalized Lagrange–Hermitian algebroids
Let eˇα = (ei, eˇb) (63) and eˇ
α = (ei, eˇb) (64) be, respectively, some N–
adapted frames and co–frames on Vn+n. In a particular case, Vn+n = TM.
40
We introduce a linear operator Fˇ acting on the vectors on Vn+n following
formulas
Fˇ(ei) = −eˇi and Fˇ(eˇi) = ei,
where the superposition Fˇ ◦ Fˇ = −I, for I being the unity matrix. On TM,
for vertically integrable distributions, when Cfdb = 0 for (67), we get an
almost Hermitian model of generalized Lagrange space [107, 108]. The
operator Fˇ reduces to a complex structure if and only if both the h– and
v–distributions are integrable.
The metric gˇ (69) induces a 2–form associated to Fˇ following formulas
θˇ(X,Y) + gˇ
(
FˇX,Y
)
for any d–vectors X and Y. In local form, we have
θˇ = gij(x, y)eˇ
i ∧ dxj . (88)
For v–integrable distributions, we shall write F and θ in order to emphasize
that we model generalized Lagrange structures.
We compute
dθˇ =
1
6
∑
(ijk)
gisΩˇ
s
jkdx
i ∧ dxj ∧ dxk (89)
+
1
2
(
gij‖k − gik‖j
)
eˇi ∧ dxj ∧ dxk +
1
2
(eˇkgij − eˇigkj) eˇ
k ∧ eˇi ∧ dxj,
where
gij‖k = ekgij − Bˇ
s
ikgsj − Bˇ
s
jkgis,
for Bˇsik = eˇiNˇ
s
k and Nˇ
b
i = eˇ
b
a N
a
i.
An almost Hermitian model of a generalized N–algebroid structure
is defined by a triple Hˇ2n = (Vn+n, gˇ, Fˇ). A space Hˇ2n is almost Ka¨hler if
and only if dθˇ = 0, i.e.
Ωˇsjk = 0, gij‖k = gik‖j , eˇkgij = eˇigkj .
A generalized Lagrange algebroid is not reducible to a Lagrange one if
eˇkgij 6= eˇigkj, i.e. the almost sympletic structure θˇ (88) is not integrable.
One considers also h– (v–) Hermitian spaces Hˇ2n if the h– (v–) distributions
are integrable. For instance, the almost Hermitian model of a Finsler (or
Lagrange) space is an almost Ka¨hler space [102] (or [126]).
An almost Hermitian connection Dˇ is of Lagrange type if it preserve
by parallelism the vertical distribution and is compatible with the almost
Hermitian structure (gˇ, Fˇ), i.e. DˇXgˇ = 0 and DˇXFˇ = 0 for any d–vector
X. Considering the canonical metrical d–connections for gˇ, we construct a
canonical almost Hermitian connection Dˇ, for Hˇ2n, with the coefficients
Γˇαβγ =
(
L̂ijk, Cˇ
a
bc
)
, when
L̂ijk =
1
2
gih(ekgjh + ejgkh − ehgjk), (90)
Cˇabc = eˇ
a
aeˇ
b
b eˇ
c
c Ĉ
a
bc + eˇ
a
a∂ceˇ
a
b ,
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where eˇb = eˇ
b
b ∂b (65) and Ĉ
a
bc =
1
2g
ae(ebgec + ecgeb − eegbc) computed as in
(44) but with respect to the ”underlined” basis, when gec with respect to
∂e ⊗ ∂c has the same values as g
ij with respect to ei ⊗ ej .
The curvature of (90) is
Rˇihjk = ek L̂
i
hj − ej L̂
i
hk + L̂
m
hj L̂
i
mk − L̂
m
hk L̂
i
mj − Cˇ
i
ha Ωˇ
a
kj,
Pˇ ijka = eˇa L̂
i
jk − Dˇk Cˇ
i
ja, Sˇ
a
bcd = eˇ
a
aeˇ
b
b eˇ
c
c eˇ
d
d Ŝ
a
bcd, (91)
for Ŝ
a
bcd = edĈ
a
bc − ecĈ
a
bd + Ĉ
e
bcĈ
a
ed − Ĉ
e
bdĈ
a
ec computed as in (45) but
with respect to the ”underlined” base.
4.2 Almost Hermitian connections and general relativity
We prove that the Einstein gravity on a (pseudo) Riemannian manifold
V n+n can be equivalently redefined as an almost Hermitian model for N–
anholonomic Lie algebroids if a nonintegrable N–connection splitting is pre-
scribed. The Einstein theory can be also modified by considering certain
canonical lifts on tangent bundles. The first class of Finsler–Lagrange like
models [215] preserves the local Lorentz symmetry and can be applied for
constructing exact solutions in Einstein gravity or for developing some ap-
proaches to quantum gravity following methods of geometric/deformation
quantization. The second class of such models [214] can be considered for
some extensions to canonical quantum theories of gravity which can be elab-
orated in a renormalizable form, but, in general, result in violation of local
Lorentz symmetry by such quantum effects.
4.2.1 Nonholonomic deformations in Einstein gravity
Let us consider a metric g
αβ
(18), which for a (n+ n)–splitting by a set of
prescribed coefficients Nai (x, y) can be represented as a d–metric g (16), or gˇ
(69), in N–algebroid form. Respectively, we can write the Einstein equations
in the form (7), or, equivalently, in the form (40) with the source ZΥαβ
defined by the off–diagonal metric coefficients of g
αβ
, depending linearly on
Nai , and generating the distorsion tensor pZ
γ
αβ (39).
Computing the Ricci and Einstein d–tensors by contracting the indices in
(91), we conclude that the Einstein equations written in terms of the almost
Hermitian d–connection can be also parametrized in the form (40). Such
geometric structures are nonholonomic: working respectively with g, g or gˇ,
we elaborate equivalent geometric and physical models on V n+n,Vn+n, or
NA + (Vn+n, [·, ·], ρˇ) andH2n(Vn+n, gˇ, Fˇ). Even for vacuum configurations,
when Υαβ = 0, in the almost Hermitian model of the Einstein gravity, we
have an effective source ZΥαβ induced by the coefficients of generic off–
diagonal metric. Nevertheless, there are possible integrable configurations,
when the conditions (43) are satisfied. In this case, ZΥαβ = 0, and we
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can construct effective Hermitian configurations defining vacuum Einstein
foliations.
One should be noted that the geometry of nonholonomic 2 + 2 split-
ting in general relativity, with nonholonomic frames and d–connections, or
almost Hermitian connections, is very different from the geometry of the
well known 3 + 1 splitting ADM formalism, see [113], when only the Levi
Civita connection is used. Following the anholonomic frame method, we
work with different classes of connections and frames when some new sym-
metries and invariants are distinguished and the field equations became ex-
actly integrable for some general metric ansatz. Constraining or redefining
the integral varieties and geometric objects, we can generate, for instance,
exact solutions in Einstein gravity and compute quantum corrections to such
solutions.
4.2.2 Conformal lifts of Einstein structures to tangent bundles
Let us consider a pseudo–Riemannian manifold M enabled with a metric
pgij(x) as a solution of the Einstein equations. We define a procedure lifting
pgij(x) conformally on TM and inducing a generalized Lagrange structure
and a corresponding almost Hermitian geometry. Let us introduce
̟L(x, y) + ̟2(x, y)gab(x)y
ayb
and use
̟gab +
1
2
∂2 ̟L
∂ya∂yb
(92)
as a Lagrange Hessian for (48). A space GLn = (M, ̟gij(x, y)) possess a
weakly regular conformally deformed metric if Ln =
[
M,L =
√
| ̟L|)
]
is a
Lagrange space. We can construct a canonical N–connection ̟Nai following
formulas (52), using ̟L instead of L and ̟gab instead of
Lgab (51), and
define a d–metric on TM,
̟g = ̟gij(x, y) dx
i ⊗ dxj + ̟gij(x, y)
̟ei ⊗ ̟ej, (93)
where ̟ei = dyi+ ̟N ji dx
i. The canonical d–connection and corresponding
curvatures are constructed as in generalized Lagrange geometry but using
̟g.
It is possible to reformulate the model with d–metric (93) for almost
Hermitian spaces as we considered in section 4.1. For the d–metric (93),
the model is elaborated for tangent bundles with holonomic vertical frame
structure. The linear operator F defining the almost complex structure acts
on TM following formulas
F( ̟ei) = −∂i and F(∂i) =
̟ei,
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when F ◦ F = −I, for I being the unity matrix. The operator F reduces to
a complex structure if and only if the h–distribution is integrable.
The metric ̟g (93) induces a 2–form associated to F following formulas
̟θ(X,Y) + ̟g (FX,Y) for any d–vectors X and Y. In local form, we have
̟θ = ̟gij(x, y)dy
i ∧ dxj,
similarly to (88). The canonical d–connection ̟D̂, with N–adapted coeffi-
cients ̟Γαβγ =
(
̟ L̂ijk,
̟Ĉabc
)
, and corresponding d–curvature can be
computed respectively by the formulas (90) and (91) where eˇ
b
b = δ
b
b and
̟gij are used instead of gij .
The model of almost Hermitian gravity H2n(TM, ̟g,F) can be applied
in order to construct different extensions of general relativity to geometric
quantum models on tangent bundle [214]. Such models will result positively
in violation of local Lorentz symmetry, because the geometric objects depend
on fiber variables ya. The quasi–classical corrections can be obtained in
the approximation ̟ ∼ 1. We omit in this work consideration of quantum
models, but note that Finsler methods and almost Ka¨hler geometry seem to
be very useful for such generalizations of Einstein gravity.
5 Finsler–Lagrange Metrics in Einstein & String
Gravity
We consider certain general conditions when Lagrange and Finsler structures
can be modelled as exact solutions in string and Einstein gravity. Then, we
analyze two explicit examples of exact solutions of the Einstein equations
modelling generalized Lagrange–Finsler geometries and nonholonomic defor-
mations of physically valuable equations in Einstein gravity to such locally
anisotropic configurations.
5.1 Einstein spaces modelling generalized Finsler structures
In this section, we outline the calculation leading from generalized Lagrange
and Finsler structures to exact solutions in gravity.
Let us consider a d–metric of type (69), which is also nonholonomically
deformed in the h–part, when
εgˇ = εgi′j′(x
k′ , yl
′
)
(
ei
′
⊗ ej
′
+ eˇi
′
⊗ eˇj
′
)
, (94)
where εgi′j′ can be any metric defined by nonholonomic transforms (53) or
a v–metric Lgij (51),
Lgij (46), or
F gij (49). The co–frame h– and v–bases
are
ei
′
= ei
′
i(x, y) dx
i,
eˇa
′
= eˇa
′
a(x, y) δy
a = eˇa
′
a
(
dya + pN
a
i dx
i
)
= ea
′
+ pNˇ
a
i′e
i′ ,
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for ea
′
= eˇa
′
ady
a and pNˇ
a
i′ = eˇ
a′
a pN
a
i′e
i′
i, when there are considered nonholo-
nomic transforms of type (58), (59) and (57),
εgi′j′ = e
i
i′ e
i
i′ pgij , phab =
εga′b′ eˇ
a′
aeˇ
b′
b, pN
a
i = η
a
i (x, y)
εNai , (95)
where we do not consider summation on indices for ”polarization” functions
ηai and
εNai is a canonical connection corresponding to
εgi′j′ .
The d–metric (94) is equivalently transformed into the d–metric
εgˇ = pgij(x)dx
i ⊗ dxj + phab(x, y)δy
a ⊗ δya, (96)
δya = dya + pN
a
i (x, y)dx
i,
where the coefficients pgij(x), phab(x, y) and pN
a
i (x, y) are constrained to
be defined by a class of exact solutions (83), in string gravity, or (86), in
Einstein gravity. If it is possible to get the limit ηai → 1, we can say that an
exact solution (96) models exactly a respective (generalized) Lagrange, or
Finsler, configuration. We argue that we define a nonholonomic deformation
of a Finsler (Lagrange) space given by data εgi′j′ and
εNai as a class of exact
solutions of the Einstein equations given by data pgij , phab and pN
a
i , for
any ηai (x, y) 6= 1. Such constructions are possible, if certain nontrivial values
of e ii′ , eˇ
a′
a and η
a
i can be algebraically defined from relations (95) for any
defined sets of coefficients of the d–metric (94) and (96).
Expressing a solution in the form (94), we can define the corresponding
almost Hermitian 1–form
θˇ = gi′j′(x, y)eˇ
j′ ∧ ei
′
,
see (88), and construct an almost Hermitian geometry characterizing this
solution, like we considered in section 4.1, but for
Fˇ(ei′) = −eˇi′ and Fˇ(eˇi′) = ei′ ,
when ei′ = e
i
i′
(
∂
∂xi
− pN
a
i
∂
∂ya
)
= ei′ − pNˇ
a′
i′ eˇa′ . This is convenient for fur-
ther applications to certain models of quantum gravity and geometry. For
explicit constructions of the solutions, it is more convenient to work with
parametrizations of type (96).
Finally, in this section, we note that the general properties of integral
varieties of such classes of solutions are discussed in Refs. [209, 228].
5.2 Deformation of Einstein exact solutions into Lagrange–
Finsler metrics
Let us consider a metric ansatz pgαβ (16) with quadratic metric interval
ds2 = pg1(x
1, x2)
(
dx1
)2
+ pg2(x
1, x2)
(
dx2
)2
(97)
+ ph3(x
1, x2, v)
[
dv + pw1(x
1, x2, v)dx1 + pw2(x
1, x2, v)dx2
]2
+ ph4(x
1, x2, v)
[
dy4 + pn1(x
1, x2, v)dx1 + pn2(x
1, x2, v)dx2
]2
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defining an exact solution of the Einstein equations (7), for the Levi–Civita
connection, when the source Υαβ is zero or defined by a cosmological con-
stant. We parametrize the coordinates in the form uα = (x1, x2, y3 = v, y4)
and the N–connection coefficients as pN
3
i = pwi and pN
4
i = pni.
We nonholonomically deform the coefficients of the primary d–metric
(97), similarly to (95), when the target quadratic interval
ds2η = gi
(
dxi
)2
+ ha
(
dya +Nai dx
i
)2
(98)
= ei
′
i e
j′
j
εgi′j′dx
idxj
+eˇa
′
a eˇ
b′
b
εga′b′
(
dya + ηai
εNai dx
i
) (
dyb + ηbj
εN bj dx
j
)
can be equivalently parametrized in the form
ds2η = ηj pgj(x
i)
(
dxj
)2
(99)
+η3(x
i, v) ph3(x
i, v)
[
dv + wηi(x
k, v) εwi(x
k, v)dxi
]2
+η4(x
i, v) ph4(x
i, v)
[
dy4 + nηi(x
k, v) εni(x
k, v)dxi
]2
,
similarly to ansatz (70), and defines a solution of type (83) (with N–connecti-
on coefficients (84) and (85)), for the canonical d–connection, or a solution
of type (86) with the coefficients subjected to solve the conditions (87).
The class of target metrics (98) and (99) defining the result of a nonholo-
nomic deformation of the primary data [ pgi, pha, pN
b
i ] to a Finsler–Lagrange
configuration [εgi′j′ ,
εN bj ] are parametrized by vales e
i′
i, eˇ
a′
a and η
a
i . These
values can be expressed in terms of some generation and integration func-
tions and the coefficients of the primary and Finsler like d–metrics and
N–connections in such a manner when a primary class of exact solutions
is transformed into a ”more general” class of exact solutions. In a partic-
ular case, we can search for solutions when the target metrics transform
into primary metrics under certain infinitesimal limits of the nonholonomic
deforms.
In general form, the solutions of equations (41) transformed into the
system of partial differential equations (74)–(77), for the d–metrics (98),
equivalently (99), are given by corresponding sets of frame, N–connections
and d–metric coefficients which state for the h–part
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e1
′
1 =
√
|η1|
√
| pg1| ×
√
| εg1′1′ εg2′2′
[
( εg1′1′)
2 εg2′2′ + ( εg1′2′)
3
]−1
|,
e2
′
1 =
√
|η2|
√
| pg1| /
√
| εg1′1′ εg2′2′
[
( εg1′1′)
2 εg2′2′ + ( εg1′2′)
3
]
|,
e1
′
2 = −
√
|η2|
√
| pg2| × g1′2′/
√
| εg1′1′
[
( εg1′1′) εg2′2′ − ( εg1′2′)
2
]
|,
e2
′
2 =
√
|η2|
√
| pg2| ×
√
| εg1′1′/
[
( εg1′1′) εg2′2′ − ( εg1′2′)
2
]
|, (100)
and for the v–part
e3
′
3 =
√
|η3|
√
| ph3| ×
√
| εg1′1′ εg2′2′
[
( εg1′1′)
2 εg2′2′ + ( εg1′2′)
3
]−1
|,
e4
′
3 =
√
|η3|
√
| ph3| /
√
| εg1′1′ εg2′2′
[
( εg1′1′)
2 εg2′2′ + ( εg1′2′)
3
]
|,
e3
′
4 = −
√
|η4|
√
| ph4| × g1′2′/
√
| εg1′1′
[
( εg1′1′) εg2′2′ − ( εg1′2′)
2
]
|,
e4
′
4 =
√
|η4|
√
| ph4| ×
√
| εg1′1′/
[
( εg1′1′) εg2′2′ − ( εg1′2′)
2
]
|, (101)
where h–polarizations ηj are defined from gj = ηj pgj(x
i) = ǫje
ψ(xi), with
signatures ǫi = ±1, for ψ(x
i) being a solution of the 2D equation
ǫ1ψ
•• + ǫ2ψ
′′
= λ, (102)
for a given source Υ4
(
xi
)
= λ, and the v–polarizations ηa defined from the
data ha = ηa pha, for
h3 = ǫ3h
2
0(x
i)
[
f∗
(
xi, v
)]2
| λς
(
xi, v
)
|,
h4 = ǫ4
[
f
(
xi, v
)
− f0(x
i)
]2
, (103)
where
λς
(
xi, v
)
= ς[0]
(
xi
)
−
ǫ3
8
λh20(x
i)
∫
f∗
(
xi, v
) [
f
(
xi, v
)
− f0(x
i)
]
dv,
for Υ2(x
k, v) = λ. The polarizations ηai of N–connection coefficients
N3i = wi =
wηi(x
k, v) εwi(x
k, v), N4i = ni =
nηi(x
k, v) εni(x
k, v)
are computed from the respective formulas
wηi
εwi = −
∂i
λς
(
xk, v
)
λς∗ (xk, v)
(104)
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and
nηk
εnk =
1nk
(
xi
)
+ 2nk
(
xi
) ∫ [f∗ (xi, v)]2
[f (xi, v) − f0(xi)]
3
λς
(
xi, v
)
dv. (105)
We generate a class of exact solutions for Einstein spaces with Υ2 =
Υ4 = λ if the integral varieties defined by gj , ha, wi and ni are subjected to
constraints (87).
5.3 Solitonic pp–waves and their effective Lagrange spaces
Let us consider a d–metric of type (97),
δs2[pw] = −dx
2 − dy2 − 2κ(x, y, v) dv2 + dp2/8κ(x, y, v), (106)
where the local coordinates are x1 = x, x2 = y, y3 = v, y4 = p, and the
nontrivial metric coefficients are parametrized
pg1 = −1, pg2 = −1, ph3 = −2κ(x, y, v), ph4 = 1/ 8 κ(x, y, v).
This is vacuum solution of the Einstein equation defining pp–waves [135]:
for any κ(x, y, v) solving
κxx + κyy = 0,
with v = z+ t and p = z− t, where (x, y, z) are usual Cartesian coordinates
and t is the time like coordinate. Two explicit examples of such solutions
are given by
κ = (x2 − y2) sin v,
defining a plane monochromatic wave, or by
κ =
xy
(x2 + y2)2 exp
[
v20 − v
2
] , for |v| < v0;
= 0, for |v| ≥ v0,
defining a wave packet travelling with unit velocity in the negative z direc-
tion.
We nonholonomically deform the vacuum solution (106) to a d–metric
of type (99)
ds2η = −e
ψ(x,y)
[
(dx)2 + (dy)2
]
(107)
−η3(x, y, v) · 2κ(x, y, v)
[
dv + wηi(x, y, v, p)
εwi(x, y, v, p)dx
i
]2
+η4(x, y, v) ·
1
8κ(x, y, v)
[
dy4 + nηi(x, y, v, p)
εni(x, y, v, p)dx
i
]2
,
where the polarization functions η1 = η2 = e
ψ(x,y), η3,4(x, y, v),
wηi(x, y, v)
and nηi(x, y, v) have to be defined as solutions in the form (102), (103),
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(104) and (105) for a string gravity ansatz (82), λ = λ2H/2, and a prescribed
(in this section) analogous mechanical system with
Nai = {wi(x, y, v) =
wηi
Lwi, ni(x, y, v) =
nηi
εni} (108)
for ε = L(x, y, v, p) considered as regular Lagrangian modelled on a N–
anholonomic manifold with holonomic coordinates (x, y) and nonholonomic
coordinates (v, p).
A class of 3D solitonic configurations can defined by taking a polarization
function η4(x, y, v) = η(x, y, v) as a solution of solitonic equation
11
η•• + ǫ(η′ + 6η η∗ + η∗∗∗)∗ = 0, ǫ = ±1, (109)
and η1 = η2 = e
ψ(x,y) as a solution of (102) written as
ψ•• + ψ′′ =
λ2H
2
. (110)
Introducing the above stated data for the ansatz (107) into the equation
(75), we get two equations relating h3 = η3 ph3 and h4 = η4 ph4,
η4 = 8 κ(x, y, v)
[
h
[0]
4 (x, y) +
1
2λ2H
e2η(x,y,v)
]
(111)
and
|η3(x, y, v)| =
e−2η(x,y,v)
2κ2(x, y, v)
[(√
|η4(x, y, v)|
)∗]2
, (112)
where h
[0]
4 (x, y) is an integration function.
Having defined the coefficients ha, we can solve the equations (76) and
(77) expressing the coefficients (78) and (79) through η3 and η4 defined by
pp– and solitonic waves as in (112) and (111). The corresponding solutions
are
w1 =
wη1
Lw1 = (φ
∗)−1 ∂xφ, w2 =
wη1
Lw1 = (φ
∗)−1 ∂yφ, (113)
for φ∗ = ∂φ/∂v, see formulas (79) and
ni(x, y, v) = n
[0]
i (x, y) + n
[1]
i (x, y)
∫ ∣∣∣η3(x, y, v)η−3/24 (x, y, v)∣∣∣ dv, (114)
where n
[0]
i (x, y) and n
[1]
i (x, y) are integration functions.
The values eψ(x,y), η3 (112), η4 (111), wi (113) and ni (114) for the
ansatz (107) completely define a nonlinear superpositions of solitonic and
pp–waves as an exact solution of the Einstein equations in string gravity if
11as a matter of principle we can consider that η is a solution of any 3D solitonic, or
other, nonlinear wave equation.
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there are prescribed some initial values for the nonlinear waves under con-
sideration. In general, such solutions depend on some classes of generation
and integration functions.
It is possible to give a regular Lagrange analogous interpretation of
an explicit exact solution (107) if we prescribe a regular Lagrangian ε =
L(x, y, v, p), with Hessian Lgi′j′ =
1
2
∂2L
∂yi′∂yj′
, for xi
′
= (x, y) and ya
′
= (v, p).
Introducing the values Lgi′j′ , η1 = η2 = e
ψ, η3, η4 and ph3, ph4, all defined
above, into (100) and (101), we compute the vierbein coefficients ei
′
i and eˇ
a′
a
which allows us to redefine equivalently the quadratic element in the form
(98) as for a Lagrange N–algebroid for which the N–connection coefficients
LNai (47) are nonholonomically deformed to N
a
i (108). With respect to such
nonholonomic frames of references, an observer ”swimming in a string grav-
itational ocean of interacting solitonic and pp–waves” will see his world as
an analogous mechanical model defined by a regular Lagrangian L.
5.4 Finsler–solitonic pp–waves in Schwarzschild spaces
We consider a primary quadratic element
δs20 = −dξ
2 − r2(ξ) dϑ2 − r2(ξ) sin2 ϑ dϕ2 +̟2(ξ) dt2, (115)
where the local coordinates and nontrivial metric coefficients are parametriz-
ed in the form
x1 = ξ, x2 = ϑ, y3 = ϕ, y4 = t, (116)
pg1 = −1, pg2 = −r
2(ξ), ph3 = −r
2(ξ) sin2 ϑ, ph4 = ̟
2(ξ),
for
ξ =
∫
dr
∣∣∣∣1− 2µr
∣∣∣∣1/2 and ̟2(r) = 1− 2µr .
For µ being a point mass, the element (115) defines the Schwarzschild solu-
tion written in spacetime spherical coordinates (r, ϑ, ϕ, t).
Our aim, is to find a nonholonomic deformation of metric (115) to a class
of new vacuum solutions modelled by certain types of Finsler geometries.
The target stationary metrics are parametrized in the form similar to
(99), see also (86),
ds2η = −e
ψ(ξ,ϑ)
[
(dξ)2 + r2(ξ)(dϑ)2
]
(117)
−η3(ξ, ϑ, ϕ) · r
2(ξ) sin2 ϑ
[
dϕ+ wηi(ξ, ϑ, ϕ, t)
Fwi(ξ, ϑ, ϕ, t)dx
i
]2
+η4(ξ, ϑ, ϕ) ·̟
2(ξ)
[
dt+ nηi(ξ, ϑ, ϕ, t)
Fni(ξ, ϑ, ϕ, t)dx
i
]2
.
The polarization functions η1 = η2 = e
ψ(ξ,ϑ), ηa(ξ, ϑ, ϕ),
wηi(ξ, ϑ, ϕ) and
nηi(ξ, ϑ, ϕ) have to be defined as solutions of (87) for Υ2 = Υ4 = 0 and a
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prescribed (in this section) locally anisotropic, on ϕ, geometry with
Nai = {wi(ξ, ϑ, ϕ) =
wηi
Fwi, ni(ξ, ϑ, ϕ) =
nηi
Fni},
for ε = F 2(ξ, ϑ, ϕ, t) considered as a fundamental Finsler function for a
Finsler geometry modelled on a N–anholonomic manifold with holonomic
coordinates (r, ϑ) and nonholonomic coordinates (ϕ, t). We note that even
the values wηi,
Fwi,
nηi, and
Fni can depend on time like variable t, such
dependencies must result in N–connection coefficients of type Nai (ξ, ϑ, ϕ).
Putting together the coefficients solving the Einstein equations (75)–(77)
and (87), the class of vacuum solutions in general relativity related to (117)
can be parametrized in the form
ds2η = −e
ψ(ξ,ϑ)
[
(dξ)2 + r2(ξ)(dϑ)2
]
(118)
−h20 [b
∗(ξ, ϑ, ϕ)]2 [dϕ+ w1(ξ, ϑ)dξ + w2(ξ, ϑ)dϑ]
2
+ [b(ξ, ϑ, ϕ) − b0(ξ, ϑ)]
2 [dt+ n1(ξ, ϑ)dξ + n2(ξ, ϑ)dϑ]
2 ,
where h0 = const and the coefficients are constrained to solve the equations
ψ•• + ψ
′′
= 0, (119)
w′1 − w
•
2 + w2w
∗
1 − w1w
∗
2 = 0,
n′1 − n
•
2 = 0,
for instance, for w1 = (b
∗)−1(b+ b0)
•, w2 = (b
∗)−1(b+ b0)
′, n•2 = ∂n2/∂ξ and
n
′
1 = ∂n1/∂ϑ.
The polarization functions relating (118) to (117), are computed in the
form
η1 = η2 = e
ψ(ξ,ϑ), η3 = [h0b
∗/r(ξ) sin ϑ]2 , η4 = [(b− b0)/̟]
2 ,(120)
wηi = wi(ξ, ϑ)/
Fwi(ξ, ϑ, ϕ, t),
nηi = ni(ξ, ϑ)/
Fni(ξ, ϑ, ϕ, t).
The next step is to chose a Finsler geometry which will model (118),
equivalently (117), as a Finsler like d–metric (98). For a fundamental
Finsler function F = F (ξ, ϑ, ϕ, t), where xi
′
= (ξ, ϑ) are h–coordinates and
ya
′
= (ϕ, t) are v–coordinates, we compute F ga′b′ = (1/2)∂
2F/∂ya
′
∂yb
′
fol-
lowing formulas (49) and parametrize the Cartan N–connection as CNai =
{ Fwi,
Fni}. Introducing the values (116),
F gi′j′ and polarization functions
(120) into (100) and (101), we compute the vierbein coefficients ei
′
i and eˇ
a′
a
which allows us to redefine equivalently the quadratic element in the form
(98), in this case, for a Finsler N–algebroid for which the N–connection co-
efficients CNai (47) are nonholonomically deformed to N
a
i satisfying the
last two conditions in (119). With respect to such nonholonomic frames
of references, an observer ”swimming in a locally anisotropic gravitational
ocean” will see the nonholonomically deformed Schwarzschild geometry as
an analogous Finsler model defined by a fundamental Finser function F.
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6 Outlook and Conclusions
In this review article, we gave a self–contained account of the core develop-
ments on generalized Finsler–Lagrange geometries and their modelling on
(pseudo) Riemannian and Riemann–Cartan manifolds provided with pre-
ferred nonholonomic frame structure. We have shown how the Einstein
gravity and certain string models of gravity with torsion can be equivalently
reformulated in the language of generalized Finsler and almost Hermitian/
Ka¨hler geometries. It was also argued that former criticism and conclusions
on experimental constraints and theoretical difficulties of Finsler like grav-
ity theories were grounded only for certain classes of theories with metric
noncompatible connections on tangent bundles and/or resulting in violation
of local Lorentz symmetry. We emphasized that there were omitted the
results when for some well defined classes of nonholonomic transforms of ge-
ometric structures we can model geometric structures with local anisotropy,
of Finsler–Lagrange type, and generalizations, on (pseudo) Riemann spaces
and Einstein manifolds.
Our idea was to consider not only some convenient coordinate and frame
transforms, which simplify the procedure of constructing exact solutions, but
also to define alternatively new classes of connections which can be employed
to generate new solutions in gravity. We proved that the solutions for the
so–called canonical distinguished connections can be equivalently re–defined
for the Levi Civita connection and/ or constrained to define integral varieties
of solutions in general relativity.
The main conclusion of this work is that we can avoid all existing ex-
perimental restrictions and theoretical difficulties of Finsler physical models
if we work with metric compatible Finsler like structures on nonholonomic
(Riemann, or Riemann–Cartan) manifolds but not on tangent bundles. In
such cases, all nonholonomic constructions modelled as exact solutions of the
Einstein and matter field equations (with various string, quantum field ...
corrections) are compatible with the standard paradigm in modern physics.
In other turn, we emphasize that in quantum gravity, statistical and
thermodynamical models with local anisotropy, gauge theories with con-
straints and broken symmetry and in geometric mechanics, nonholonomic
configurations on (co) tangent bundles, of Finsler type and generalizations,
metric compatible or with nonmetricity, seem to be also very important.
Various directions in generalized Finsler geometry and applications has
matured enough so that some tenths of monographs have been written, in-
cluding some recent and updated: we cite here [102, 107, 108, 103, 104, 112,
106, 24, 228, 183, 225, 17, 147, 4, 8, 13, 14, 16, 29]. These monographs
approach and present the subjects from different perspectives depending,
of course, on the authors own taste, historical period and interests both
in geometry and physics. The monograph [228] summarizes and develops
the results oriented to application of Finsler methods to standard theories
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of gravity (on nonholonomic manifolds, not only on tangent bundles) and
their noncommutative generalizations; it was also provided a critical anal-
ysis of the constructions with nonmetricity and violations of local Lorentz
symmetry.
Finally, we suggest the reader to see a brief outline and comments on
main directions related to nonstandard applications in physics of Finsler
geometries and generalizations in Appendix.
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Institute. The author thanks M. Anastasiei, A. Bejancu, V. Obaˇdeanu and
V. Oproiu for discussions and providing very important references on the
geometry of Finsler–Lagrange spaces, nonholonomic manifolds and related
almost Ka¨hler geometry.
A Historical and Bibliographical Comments
One can be found by 3500 titles on key word ”Finsler” in MathSciNet and
almost 150 titles in arxiv.org. It is not possible to review in an article all
known mathematical constructions and applications in various directions in
science related to Finsler geometry and generalizations. We shall sketch only
some very important lines of developments of such researches and comment
only a small part of results on nonstandard theories which, in our subjective
opinion, seem to have importance and certain perspectives to be redefined
for standard theories of gravity, mechanics and field interactions.
A.1 Moving frames, N–connections and nonholonomic (su-
per) manifolds
There are well known textbooks and monographs [69, 113, 244, 158, 151]
where (pseudo–) Riemann geometry and general relativity are formulated in
arbitrary frame bases. The approach originates from the E. Cartan moving
frame method [41, 43] being developed both in abstract and coordinate forms
in modern gravity, see also supersymmetric generalizations related to string
gravity [148, 53, 139].
The global definition of nonlinear connection (N–connection) is due to
W. Barthel (1963) [19]. In coefficient form, the N–connections can be found
in the E. Cartan’s book on Finsler geometry [42] (1935) and in A. Kawaguchi
(1937,1952) works [85, 86]. The concept of N–connection is also known as
the Ehresmann connection [55] (1955), see also Grifone’s works [66]. The
N–connection geometry was developed in a series of works of the Romanian
school of Finsler, Lagrange and Hamilton geometries and higher order gen-
eralizations [107, 108, 103, 104, 112, 106, 24] (beginning the end of 50th of
previous century).
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Then, the constructions with N–connections were generalized for super-
symmetric fiber variables [24] (1989,1990) following the DeWitt approach to
supermanifolds [54]. A definition of nonholonomic supermanifolds was not
possible in those works because it was not not yet elaborated the concept of
spinors for generalized Finsler spaces, see details in section A.6.2. Having
accepted any global or local constructions for supermanifolds and super-
bundles, for a well defined nonholonomic spinor structure, it was possible
to introduce N–connections by a corresponding class of super–distributions
and/or preferred systems of superfields (i.e. super–vielbeinds). That allowed
us to consider nonholonomic generalizations of the geometry of supermani-
folds, superstrings and supergravity [180, 183, 216]. Recently, the geometry
of semi–spray and N–connection structures on supermanifolds was devel-
oped in Refs. [56, 143]. The geometry of nonholonomic supermanifolds has
a number of perspectives in such supergravity and superstring models when
non–compactified configurations and constraints on the superfield dynamics
are introduced into consideration.
The geometry on N–connections was extended and applied in gauge and
Einstein gravity with anholonomic/ noncommutative variables [218, 217, 52,
201], for Clifford/ spinor bundles and algebroids provided with N–connection
structure [173, 178, 181, 230, 225, 202] and on Fedosov–Lagrange manifolds
[57]. Here, we emphasize that the concept of N–connection has to be not
confused with the linear connections in gauge models with nonlinear realiza-
tions of some gauge groups related to non–Abelian gauge potentials. Such
constructions are completely different.
One should be noted that the idea of nonholonomic manifolds (as a ge-
ometric background for geometric mechanics and generalized geometries)
exists in rigorous mathematical form due to the works of G. Vraˇnceanu and
Z. Horak [241, 242, 243, 73] (1926, 1931,1957,1927), see further develop-
ments in [119, 105] and a modern approach and references in [25] (2006).
For different classes of connections on nonholonomic manifolds, there were
computed the torsion and Riemannian tensors and investigated the geomet-
ric properties of such spaces and considered certain applications in geometric
mechanics.
In Ref. [95], see also references therein, the author argues that he was
able to define the Riemann tensor for a general nonholonomic manifold. His
homological considerations and analysis of former works on nonolonomic
(super) spaces was based on reviews [96, 238, 239] on supermanifolds, non-
holonomic manifolds and mechanics. We note here that the Riemannian
tensors and Einstein equations were defined and computed rigorously in vari-
ous approaches to nonholonomic manifolds, Finsler and Lagrange spaces and
superbundles provided with nonlinear connections much before mentioned
publications and reviews by former Soviet mathematicians (see, for instance,
[243, 27, 42, 145, 107, 108, 24, 183, 180]).
The approaches developed by the Romanian school on Finsler geome-
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try and generalizations have a number of connections to G. Vraˇnceanu’s
results (he published a four volume Course on Differential Geometry, in
Romanian, and some of them were translated in French, by 1957). In the
G. Vraˇnceanu, R. Miron, M. Anastasiei, A. Bejancu and other authors on
the geometry of nonholonomic manifolds and generalized Finsler–Lagrange
spaces there are not considered any methods of constructing exact solutions
in gravity theories (they were elaborated during the last decade, see below
section A.5). Nevertheless, the mentioned authors (and a number of their
co–authors) elaborated various applications in geometric mechanics, Finsler
generalizations of gravity, electro–gravitational fields, gauge models and lo-
cally anisotropic supersymmetric variables. A brief summary of R. Miron
school’s results on Finsler, Lagrange, Hamilton and higher order generaliza-
tions and further perspectives in gravity and field theories is given in Ref.
[200].
A.2 Finsler and Lagrange algebroid structures
Lie algebroids were introduced as a generalization of the concepts of Lie
algebra and integrable distribution, see details in Ref. [100]. An extension
of the theory of Lagrangians and Euler–Lagrange equations on Lie algebroids
was considered by A. Weinstein [246], see also Refs. [98, 49].
In our approach, we tried to model Lie algebroid structures as exact
solutions in gravity [193, 194, 195]. Such solutions were defined by generic
off–diagonal metrics and nonholonomic frames of references. They were
constructed following the anholonomic frame method, outlined in Ref. [228]
(see also the references from section A.5) when nonlinear connections are
defined by splitting the gravitational degrees of freedom into holonomic and
anholonomic ones.
If in the usual approaches to Lie algebroids the geometric constructions
are related to Lie algebra generalizations and sections of vector bundles, in
order to define algebroid structures as solutions of the Einstein equations,
in general, it is necessary to work on nonholonomic manifolds modelling
certain types of Lie algebroid or Clifford–Lie algebroid structures. Some
explicit examples of such solutions were considered in Ref. [194] and the
geometry of Clifford–Finsler algebroids and nonholonomic Einstein–Dirac
structures was elaborated in Ref. [202]. In a general context, the theory
of nonholonomic algebroids in relation to nonholonomic manifolds, Finsler
geometry and Lagrange–Hamilton spaces was elaborated in Ref. [210]. Here
we note that some topics on Lie algebroids and Finsler and Lagrange geom-
etry, without connections to modern gravity but with certain orientation to
application in mechanics, are considered alternatively in Refs. [76, 77, 2],
see also references therein.
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A.3 Higher order extensions of Lagrange and Hamilton spa-
ces
The geometric approach to Lagrange and Hamilton mechanics elaborated as
a generalization of Finsler geometry was developed in a direction to include
higher order mechanics [109, 110], see Ref. [91] as a summary of alternative
directions. The nonlinear connection formalism was developed for higher or-
der (co) tangent bundles which resulted in a series of monographs on higher
order Lagrange–Finsler and Hamilton–Cartan spaces [103, 104, 112, 106], see
also a recent work [38] and a brief review [200]. Such higher order geomet-
ric mechanical constructions are naturally adapted to corresponding (semi)
spray configurations, from which canonical nonlinear and distinguished con-
nections can be derived. Sure, this geometric formalism would be very
important for developing analogous models of gravity.
In parallel to the mentioned works on geometric mechanics, there were
elaborated certain new directions related to ”higher order anisotropic” con-
figurations in high energy physics, gravity and string theory. The idea was to
consider higher order ”shells” of extra dimensions which are not completely
compactified like in the Kaluza Klein theory and to take into account certain
possible correlations between spacetime dimensions and extra dimensions
(the higher dimension interactions being modelled by effective higher order
nonlinear connections). Such configurations can be derived as exact solu-
tions of the Einstein equations in extra dimension gravity, or in certain low
energy limits, but locally anisotropic, in string theory. It was necessary to
elaborate a corresponding (super) geometric formalism for the higher order
gauge theories, including gauge and Einstein gravity, see [182], higher order
super spaces [180] and Clifford bundles and spinor theory [181, 230], the
bulk of results being summarized in monographs [183, 225].
A.4 Almost Ka¨hler and nonholonomic structures
The constructions transforming nonholonomic Riemannian spaces and gen-
eralized Lagrange algebroids into almost sympletic structures, presented in
section 4, originate from a series of works on almost Ka¨hler models for Finsler
[102] and Lagrange spaces and generalizations [124, 125, 126, 127, 128, 129].
We note that V. Oproiu and co-authors performed the bulk of their lifts
on (co) tangent bundles working with linearized N–connections Nai (u) =
Γabj(x)y
b (10) but a number of formulas hold true for more general nonholo-
nomic structures with arbitrary Nai (u).
In order to model gravitational interactions by analogous Finlser–La-
grange algebroid structures, we have to consider arbitrary nonholonomic
h– and v–frames and N–connections. In such cases, the effective geometric
models are almost Hermitian ones with nonzero 2–form dθˇ (89). This is not
a problem for the anholonomic frame method of constructing exact solutions
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but result in more sophisticate nonholonomic relations if we try to develop
the approach, for instance, for geometric quantization of Lagrange–Fedosov
spaces, see [57] and references therein.
Finally, we note that from physical point of view there are two different
directions of elaborating analogous almost Hermitian / Ka¨hler models of
gravitational interactions. If we we work with nonholonomic deformations
of geometric objects on the same class of manifolds, for instance, on a semi–
Riemannian one, we can preserve, in general, the local Lorentz symmetry.
Any lifts on tangent bundles and additional nonholonomic transforms, pos-
itively result in violation of the local Lorentz symmetry and modification
of various types of possible gauge symmetries and conservation laws. Both
classes of such models present a substantial interest in modern physics but
only the first one can be related to the so–called standard theories.
A.5 Finsler methods and exact solutions
We applied the methods of Finsler–Lagrange geometry in order to elaborate
the so–called anholonomic frame method of constructing exact solutions in
Einstein, gauge, string and brane gravity and various locally anisotropic/
noncommutative generalizations [188, 229, 220, 221, 222, 223, 217, 52, 201,
228]. The idea was to define such N–connection structures associated to
nonholonomic frame transforms, when the gravitational field equations are
transformed into general systems of partial differential equations which can
be integrated in general form. It was possible to construct, following geo-
metric methods, new classes of generic off–diagonal metrics, nonholonomic
frames and linear connections depending on 2-4 variables in 3-5 dimensional
gravity. It became obvious that the N–connection formalism can be applied
also on Riemann, Riemann–Cartan and metric–affine spaces and that an
unified geometric approach, with nonholonomic distributions, can be elab-
orated in order to model generalized Finsler–Lagrange spaces both on non-
holonomic manifolds or on any (super, noncommutative, spinor...) bundle
provided with N–connection splitting. The main results are summarized in
monograph [228] (2005) and the basic constructions and some ansatz and
examples are considered in section 5.
Here, we briefly outline some additional results giving a number of ex-
amples of exact solutions with local anisotropy in standard and nonstandard
models of gravity:
The paper [184] was the first one containing the idea how the N–connecti-
on formalism can be applied for generating generic off–diagonal solutions in
gravity. The work [188] presented a number of examples with anholonomic
soliton–dilaton and black hole solutions in general relativity and extensions
to string or Finsler generalized theories. Two papers [229, 220] contain a
research on nonholonomic deformations of Taub NUT spinning metrics and
locally anisotropic solitons and Dirac spinor waves in such spaces.
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A series of works [221, 222, 223] is based on a collaboration of authors
on constructing exact solutions defining locally anisotropic defining various
types of locally anisotropic (ellipsoidal, toroidal, warped ...) wormhole / flux
tubes and black holes moving in nontrivial solitonic backgrounds in four and
five dimensional gravity. The anholonomic frame method was shown to be
the most general one allowing to generate exact solutions following geometric
methods. There were elaborated a number of examples which together with
the the details on analytic computations were summarized in Parts I and II
of monograph [228], see also review [192].
There were constructed solutions defining static black ellipsoids [190,
191] which seem to be stable in Einstein gravity, with mater fields and/ or
geometric distorsions, and various noncommutative and metric–affine gener-
alizations of gravity, see [201] and Parts I and III in monograph [228]. Solu-
tions with generic local anisotropy, of Finsler type and generalied ones, were
constructed in gauge gravity [217, 52], for various black hole and cosmologi-
cal configurations, see Part II in [228], and by modelling explicit examplas of
(disk, black hole, solitonic and spinor waves ....) of solitonic spacetimes with
Lie algebroid symmetry [193, 194, 195]. The bulk of recent results on para-
metric solutions and solitonic hierarchies are summarized in [209, 204, 3].
The anholonomic frame method provides also a unique general geometric
scheme for constructing exact solutions of Ricci flow equations, see section
A.6.5.
A.6 On standard and nonstandard models of Finsler geom-
etry and physics
It is worth mentioned certain important directions additionally to those men-
tioned in the points 1–5 from Introduction section and the previous sections
of the Attachment. Due to limits of space we have to leave out a number of
interesting developments: we discuss here briefly the contributions of some
authors and outline a few open issues, see also Introduction to [228].
A.6.1 Finsler structures in gauge gravity and noncommutative
gravity
The first original ideas to consider gauge group transforms and additional
gauge fields on Finsler spaces and generalizations belong to Y. Takano
[159, 160], S. Ikeda [80] and G. Asanov and co–authors [13, 16, 14, 12].
Here one should be noted that the monograph [107] was the first one on
Finsler and Lagrange spaces written rigorously in the language of the geom-
etry of vector and tangent bundles and related geometric structures (fiber
bundles and linear connections provide the standard geometric formalism
for the theory of gauge fields). Various types of nonlinear connections (N–
connections) on nonholonomic spaces (considered to define a special class
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of nonlinear gauge fields) can be found in a number of constructions in
Finsler geometry, see [42, 85, 86]. The monograph [24] contains a study of
Yang–Mills theories in Finsler spaces. In the same line of research, elabo-
rating gauge and field theories on bundle spaces, can be considered papers
[149, 156]. Such models can not be related to standard approaches in mod-
ern physics. Nevertheless, they provide a number of geometric ideas which
can be applied for noncompactified higher dimension gravity models.
A series of works [175, 177, 182, 218] is devoted to gauge models of mat-
ter and gravity fields on generalized Lagrange and Finsler spaces in relation
to the Poincare, affine and de Sitter structure groups with actions distin-
guished by the N–connection structure. The idea was to elaborate gauge
models which would embed Finsler like gravities into the class of former
theories on gauge gravity [165, 140, 141, 161]. Such constructions, with non-
holonomic frames and spinor–gauge transforms, were related to the results
on twistor–gauge gravity [166, 167, 168, 169, 170, 171], and further super-
symmetric generalizations were summarized in the monograph [183]. This
class of locally anisotropic gauge models was elaborated following the frame
bundle and generalized connection formalism. They have strong connec-
tions to standard gauge and gravity models in physics: for instance the non-
holonomic structures, metrics and connections can be defined for (pseudo)
Riemannian spaces and fiber bundles on sauch spaces.
Gauge models of higher order anisotropic gravity and nearly autoparallel
maps and their connections to Einstein and gauge models were analyzed in
Refs. [217, 52]. The approach was developed for noncommutative versions
of the Einstein and gauge gravity [189, 216, 197, 198, 199] and provided
with explicit examples of exact solutions for nonholonomic noncommutative
structures in gravity.
A.6.2 Clifford structures, gerbes, and Lagrange–Finsler spinors
The first who considered spinor variables in Finsler geometry was Y. Takano
[160]. Perhaps, we can cite here the work [1] on modelling spinors on Hilbert
manifolds, even explicit constructions related to Finsler spaces are not given
there (the author latter had fundamental contributions in Finsler–Lagrange
geometry and modelling such geometries on Hilbert spaces). There were
published a series of papers on geometries and physical models with metrics
depending on spinor variables, see [120, 121, 122, 123, 16, 157, 152, 156].
It should be emphasized here that all mentioned works do not contain a
definition of spinor for Finsler like spaces and generalizations. In the bulk,
they provide certain constructions when the existence of the bundle of two–
spinors (i.e. two dimensional spinor spaces) is supposed to exist on a Finsler
like manifold for which the metric and connections are considered to depend
on two spinor variables. Such models belong to ”nonstandard” approaches
to Finsler geometry and generalizations.
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A rigorous definition of spinors for Finsler spaces should contain a fun-
damental relation between the Clifford structure and the metric structure
(like in Einstein gravity, one has to consider an anticommutator of ”gamma”
matrices, generating the corresponding Clifford algebra, and the metric
quadratic form, all defined with respect to a local orthonormalized frame ba-
sis). Such constructions for Finsler–Lagrange spaces were elaborated in Refs.
[173, 178] in the language of Clifford bundles provided with N–connection
structure. We note that the condition of metric compatibility of Finsler–
Lagrange connection plays a fundamental role in definition of spinors on
spaces provided with N–connection structure. For instance, it is not possi-
ble to define directly the consept spinors in Finsler geometries with metric
noncompatible connections like [27, 17].12 Without fermions / spinors, it
is not possible to elaborate viable physical models. It was necessary to
construct the spinor geometry for Finsler spaces and generalizations. The
direction was analyzed in details, with a number of examples and exact
solutions in gravity models and generalizations to higher order Finsler, La-
grange and Hamilton spaces, in Refs. [181, 183, 230]. Such constructions
belong to the class of standard Clifford–Finsler structures. Both standard
and nonstandard approaches are analyzed in details in monograph [225].
The standard constructions with Finsler–Lagrange spinors have further
developments for noncommutative Finsler geometry, see [199] and the Part
III in [228], for explicit solutions see [201] and for Clifford–Lagrange al-
gebroid structures see [202, 194]. One could be topological restrictions in
definition of spinor structures on general Finsler or Lagrange spaces: certain
generalized constructions for such cases were performed following the gerbe
formalism [196, 219].
A.6.3 Stochastic processes and locally anisotropic kinetics and
thermodynamics
The famous P. Finsler’s thesis [58] (1918) was written under supervision of
Prof. Caratheodory who had classical contributions in thermodynamics. A
theory of kinetics and thermodynamics based on distribution functions on
Finsler spaces was elaborated in monograph [240].
Both the Riemann and Finsler geometry were applied to various prob-
lems in information thermodynamics [81, 82, 83] and geometric thermody-
namics [115, 84, 116, 142]. The approaches were summarized in review [146].
There were proposed certain applications of geometric thermodynamics with
12As a matter of principle, we can define Finsler–spinors using the metric compatible
Cartan connections and then to deform the geometric constructions to those for the Chern
connection, by using corresponding deformations tensors for connections. So, following
certain more sophisticate geometric constructions, we can define nonholonomic Clifford
bundles provided with metric noncompatible linear connection structure. But there are
not physical arguments for such nonmetric structures.
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generalized Riemann–Finsler structures in black hole physics [185, 226, 227].
A number of works were published on locally anisotropic diffusion in two
series of works elaborated in parallel by two collaborations of authors. The
first one is related to publications [9, 10, 11, 6, 7, 5, 8, 4] and the second
one to [172, 174, 176, 186] and Chapter 10 in monograph [183]. The sec-
ond approach was developed in relation to the theory of kinetic processes
and locally anisotropic thermodynamics [187, 186] (the works propose cer-
tain applications in modern astrophysics and cosmological models, see also
such locally anisotropic cosmological solutions in Refs. [217, 154]). Chap-
ter 5 in [183] contains the results on diffusion theory on locally anisotropic
superspaces.
Generalized Riemann–Finsler structures in thermodynamics and kinetic
and stochastic processes can be described in terms of both metric compati-
ble and noncompatible connections. For such constructions, there were not
yet elaborated criteria on standard and nonstandard models. The results
cited in this section can be elaborated following covariant calculus with dif-
ferent generalized Finsler connections. Priorities should be given to certain
more ”simple” of theoretical models with possible experimental verification
and applications, for instance, in modern thermodynamics, astrophysics and
cosmology.
A.6.4 Nonholonomic curve flows and bi–Hamitonian structures
A new direction of applications of the nonlinear connection formalism was
elaborated in Refs. [204, 3]. It was proposed to consider such nonholo-
nomic distributions and related frames on (semi) Riemannian and general-
ized Finsler–Lagrange spaces when the curvature (31) of the canonical d–
connection (36), with respect to certain N–adapted bases, is parametrized
by constant matrix coefficients. The geometric information for such spaces
can be encoded into bi–Hamilton structures and solitonic hierarchies char-
acterized by corresponding invariants and conservation laws. The approach
was generalized for nonholonomic Ricci flows [208].
A.6.5 Nonholonomic Ricci flows and Lagrange–Finsler spaces
Recently, it was elaborated a new direction in Riemann–Finsler geometry,
gravity with nonholonomic distributions and geometric mechanics, the the-
ory of nonholonomic Ricci flows and generalizations which is positively re-
lated to standard theories of physics and can be generalized similarly for
evolution models on tangent and vector bundles, i.e. for nonstandard theo-
ries. The idea was not just to extend the R. Hamilton [67, 68] and Grisha
Perelman [132, 133, 134] results, on Ricci flows of Riemannian metrics (see
comprehensive reviews of results in Refs. [40, 39, 88, 114]), to more sophis-
ticated classes of geometries, like Finsler and Lagrange geometry. A series
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of works [205, 207, 208, 211, 212] was written as a research of the Ricci
flows when (semi) Riemannian metrics are subjected to certain classes of
nonholonomic constraints. We proved that under well defined conditions,
for instance, a Finsler like metric can evolve into a Riemannian one, and in-
versely. In general, the Ricci flows of such nonholonomic manifolds contain
nontrivial torsion structures but such flows can be alternatively, and equiv-
alently, described by flows of metrics and Levi Civita connections. Non-
holonomic distributions on Riemannian manifolds result in some geometric
multi–connection structures with, in general, nonzero torsion coefficients
induced by some off–diagonal metric coefficients transformed into the N–
connection coefficients. This is typical for metric compatible Finsler like
connections; as a matter of principle, the constructions can be generalized
for nonsymmetric metrics or Finsler connections with nonmetricity.
The theory of nonholonomic Ricci flows and Perelman’s functionals adap-
ted to the N–connection structure allowed to formulate a new statistical
interpretation of Finsler–Lagrange spaces and related nonholonomic and/or
mechanical systems, see Ref. [206].
It should be noted that the anholonomic frame method works effectively
not only for generating new classes of exact solutions in gravity, as we dis-
cussed in section A.5, but also for constructing exact solutions for Ricci flow
evolution of valuable physical metrics in gravity (like solitonic and pp-waves,
Taub NUT spaces, nonholonomically deformed Schwarzschild metrics...), see
Refs. [203, 231, 232]. Perhaps, this is still the unique method which allows
us to construct exact solutions of Ricci flow equations in general form, by
using geometric methods and ideas from Finsler geometry.
A.6.6 Quantum gravity and Finsler methods
There are a few ”standard” works related to nonholonomic Lagrange–Fedos-
ov spaces [57] and geometric quantization of the Einstein gravity trans-
formed equivalently as an almost Hermitian / Ka¨hler model [213, 214, 215],
see discussion in section A.4. This direction is under elaboration for gravi-
tational gauge models and certain nonholonomic generalizations of gravity
on manifolds and tangent bundles. Some results on quantum models con-
nected to Finsler geometry and gravity belonging to the class of nonstandard
theories will be analyzed in the next section.
A.6.7 On some nonstandard but important contributions to Fins-
ler geometry and physics
We shall cite and briefly comment here some series of works concerning
nonstandard Finsler geometric and physical models for which a number of
important results can be re–defined on nonholonomic manifolds and may
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present a substantial interest in the so–called standard theories, or are re-
lated to certain recent developments in modern physics.
Gauge transforms on tangent bundle and Kaluza–Klein theory:
Additionally to the discussion on Finsler geometry and generalized gauge
theories in section A.6.1, we refer to a series of works by R. G. Beil [20,
21, 22, 23]. The author considered a Kaluza–Klein like theory following the
idea that the nature of spacetime is Finslerian and the extra dimension is
time like, i.e. not compactified. The geometry of moving frame transports
on Finsler spacetimes was related to local Poincare and Lorentz transforms.
The corresponding gauge transforms on tangent bundle resulted in a Kaluza–
Klein type theory, but not in a Yang–Mills one, which was connected to a
new type of quantum field theory. It should be noted that A. Bejancu also
elaborated gauge models in tangent bundle summarized in his monograph
[24]. Such gauge Finsler–Kaluza–Klein theories can be considered in the
usual gauge gravity or string gravity models with nonholonomic distribu-
tions if the constructions are performed for nonholonomic manifolds, see for
instance, [228, 183, 201].
Generalized/ broken local Lorentz symmetries:
We mention two directions on Finsler spacetime field theories with gener-
alized Lorentz and gauge symmetries. The first one, recently, is connected
to the so–called Finsleroid structures [15], with anisotropic kinematics and
Finsler like generalizations of the local Minkowski metric. A number of
former investigations on locally anisotropic gauge models, jet models, and
Finsler like corrections to the Einstein gravity can found in [12, 13, 14, 16]
and references therein.
Group transforms defining a generalized local Lorentz invariance on a
Finsler like spacetime, instead a local Minkowski space are considered in
[30], see also models with generalized Lorentz invariants and Dirac equation
[31], and the so–called relativistic theory of gravity generalized to Finsler
like spaces [29]. This class of theories by definition belong to the class
of nonstandard ones. It presents certain interest for some approaches in
modern physics related to violation of local Lorentz invariance and violation
of principle of equivalence.
Classical & quantum theories with local Lorentz invariance:
An ”almost standard” approach with Finslerian fields and applications of
Finsler geometry methods is developed by H. E. Brandt. In work [32], he
proposed a Cartan like Finsler theory with Kaluza–Klein generalizations on
tangent bundle with Ka¨hler geometrization starting with Christoffel sym-
bols on the base and considering local Lorentz transforms on fibers. On
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total space, the theory possesses a nontrivial almost complex structure and
nontrivial torsion.
Further constructions are with maximal acceleration invariant quantum
fields, formulated in terms of the differential geometric structure of the
spacetime tangent bundle [33]. It was proposed a physically based Planck
scale effective regularization with a spectral cutoff at the Planck mass. There
were also considered Finslerian fields, strings and p–branes on tangent bun-
dle with local Lorentz invariance and maximal invariance, quantum fields.
There are Kaluza–Klein like fields but in general not compactified.
It was also attempted to elaborate a quantum field theory with Fins-
lerian quantum fields (scalar fields on tangent bundle/Finsler spacetime)
and microcausality with corresponding commutators of scalar fields [35].
The general idea was to work with Lorentz–invariant quantum fields and
maximal–acceleration invariants (for such quantum fields) in the spacetime
tangent bundle by using a Plank scale, causal domains and microcausal
constructions [36, 37].
We also cite a series of works published recently in a Russian journal
”Hypercomplex Numbers in Physics and Geometry”, see [64, 65] and refer-
ences therein, with the aim to construct of pseudo–Riemannian geometry on
the basis of Berwald–Moore geometry, by using certain classes of relativistic
invariant Finsler geometry generating functions.
This class of theories is related to standard models of gravity and strings
but proposes new Finsler alternatives for quantum theories.
Finslerian teleparallel and Ka¨hler–Clifford structures:
In this section, we shall comment on a series of works by J. Vargas and
D. Torr [233, 234, 235, 236, 237]. A very important idea for applications to
standard theories of physics (even, in general, the authors work with locally
anisotropic geometric models on tangent bundle) is that a Riemann struc-
ture can be reconfigured on the Finsler bundle without loss of information
but with increased structural richness. This allows us to consider canonical
connections of Finsler metrics and Finslerian connections on Riemannian
metrics [233]. Some constructions are similar, but inverse, to our construc-
tions [228] when Finsler geometries and generalizations are modelled on
(pseudo) Riemannian spaces.
Perhaps a source for such investigations can be found in a rigorous study
by E. Cartan and A. Einstein (1929) when a theory was elaborated in which
the electromagnetic field constitutes the time–like 2-form part of the torsion
of Finslerian teleparallel connections on pseudo–Riemannian metrics [235].
The research by Vargas and Torr were performed following a comparative
analysis of fundamental geometric constructions elaborated by Riemann,
Cartan, Weyl, Klein, Clifford and Ka¨hler and their explicit realization in
Finsler geometry and generalizations.
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For B. Riemann, at a time when the theory of continuous groups had
not yet been founded, the fundamental geometric notion is that of distance
(see Riemann’s famous inaugural dissertation ’On the hypothesis...’, 1854,
[144]). Then, a geometric approach of a completely different nature has
developed between 1867 and 1914 by F. Klein, see an analysis oriented to
Finsler geometry in [234]. For Klein, the fundamental geometric notion is
contained in the axiom of geometric equality, interpreted in the light of the
notion of group. We note here that the concept of geometric equality vary
from geometry to geometry and is contained in the axioms of each geometry.
Weyl geometry is considered as the first type of Yang –Mills theories,
ahead of the times. It is directly related to the geometry of base manifolds
endowed with metric–compatible affine connection of the particular type
that Cartan called metric connections. One thus has to leave open the
possibility that some Yang–Mills theories may eventually become part of
classical differential geometry of some more general type, with some more
general (for instance, Finsler like) structure.
Various Finsler geometry models were elaborated following different rela-
tions between metrics and connections (connections are in general nonlinear
but the authors tried to introduce certain effective linear ones). The Vargas–
Torr idea is to derive Finsler spaces from certain spacetime structure moving
the constructions on tangent bundles. This can be considered as an ”almost
standard” modelling of physical interactions on spaces with more rich (than
Riemann geometry) structures. They formulated corresponding Ka¨hler and
Clifford calculus for Finsler like connections, analyzed Clifford structure of
Kaluza–Klein spaces and tried to generate ”metrics without metric tensors”.
Such constructions present a substantial interest also for standard models
of physics because we can model them by nonholonomic distributions on
(semi) Riemannian manifolds and Riemann–Cartan spaces.
In [236], one works with Finsler bundles using the language of differential
forms but with nonmetricity, like Chern, see [17], which is not compatible
with the standard models of physics. The authors develop the concept of
affine Finsler connection involving bundles. Such Finsler connections are
defined even in the absence of a metric function and/or metric. For the
corresponding tangent bases and special bases (frames) and affine Finsler
connection, it is elaborated a teleparallel and Ka¨hler calculus. They com-
pare their results with other approaches to teleparallelism and Kaluza–Klein
reformulation of Finslerian teleparallelism. It is also considered the Ka¨hler–
Dirac equation for such Finsler spaces.
It should be emphasized that the Ka¨hler equations for forms are equiva-
lent for the Dirac equations only on flat spaces. For general curved spaces,
this result is not true. In general, it is not clear how to formulate the Dirac
equation for metric noncompatible connections if there are not used cer-
tain auxiliary constructions for metric compatible ones. The original con-
tributions by Vargas–Torr is that they elaborated a Ka¨hler calculus with
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Clifford–valued multiforms for certain classes of Finsler connections and
found an analogous (Ka¨hler equation) to the Dirac equation for such cotan-
gent spaces provided with Finsler like structure. Nevertheless, this is not a
theory of spinors for Finsler–Lagrange spaces which was elaborated in Refs.
[173, 178], see discussion in section A.6.2.
For applications of Finsler geometry methods to standard models of
physics, the most important is the idea that the classical and quantum ge-
ometric structure of the spacetime and field/string dynamics may be richer
than it presently appears to be on Riemann, or Riemann–Cartan spaces.
If in [237] it is suggested to consider Clifford algebras for nonsymmetric
quadratic forms and generalized Finsler spaces, we consider that by non-
holonomic distributions on (semi) Riemann geometries we can also model
very rich geometric structures but preserving compatibility with the present
days paradigm of standard physics.
Clifford manifolds and Finsler spaces:
A model with maximal speed of light and maximal–acceleration relativity
principle in the spacetime tangent bundle and in the phase spaces (cotangent
bundle) was elaborated in Ref. [47] following the approach on relativity in
C–spaces (Clifford manifolds), see [48] and references to the cited papers.
The idea of maximal–acceleration is similar to that from [36, 37] but it is
developed on C–spaces.
The constructions on C–spaces are related to Finsler geometry by con-
sidering dependencies on speed and accelerations following a ”new program”
in physical theories [44, 46]. We also cite the work [45] on W geometry from
Fedosov’s deformation quantization. It should be noted that C. Castro’s
works conventionally belong to the class of nonstandard models of physics
because they use constructions for the tangent and cotangent bundles, or
jets, even such spaces are modelled by C–space structures. In other turn,
they can be re–defined for nonholonomic manifolds by using nonholonomic
Clifford bundles [173, 178, 183, 225] and Fedosov–Lagrange manifolds [57].
Such results can be positively related to standard models of physics.
Finally, in this section, we would mention the Hull’s formulation [78, 79]
of W∞ gravity as a gauge theory of the group of sympletic diffeomorphisms
of the cotangent bundle of two–dimensional surface considering a generalized
(Finsler like) scalar line element
ds = (gµ1...µndx
µ1 ...dxµn)1/n .
If for this element one considers a canonical d–connection and extracts the
Levi–Civita connection, we generate a nonholonomic effective Riemannian
space with more rich structure. In this case, we can establish further re-
lations to noncommutative geometry and M(atrix) theory [201, 228]. We
conclude that such models can be elaborated both in standard and nonstan-
dard fashions.
66
Deterministic quantum Finsler models:
A series of works on Finsler geometry and applications [59, 60, 61, 62, 63] has
the aim to solve certain problems of quantum mechanics with dissipation and
loss of information. The constructions are based on ’t Hooft’s proposal [71,
72] to use deterministic models in order to describe physical systems at the
Planck scale through a Hilbert space formulation of these models. R. Gallego
uses Finsler geometry with Chern connection in order to elaborate such
deterministic quantum models and relate dissipation to average of Chern
connection, with nonmetricity, in order to get the Levi Civita connection
[60] and define a corresponding Hamiltonian following a model of dissipative
dynamics.
It was elaborated a corresponding formalism when translation of results
is considered from Riemannian to Finsler spaces and proposed the notions
of complete Finsler manifold with the ”average” to a Riemannian manifold
[61]. The dynamics at the quantum Planck scale with loss of information
is constructed supposing that a Finsler structure on tangent bundle TM
evolves to a Riemannian structure also in TM [62]. The canonical quanti-
zation is considered on the dual tangent - tangent bundle T ∗TM which is
supposed to be the arena for deterministic Finslerian models and dynami-
cal systems with corresponding Poisson structures. Finally, a nonstandard
approach to quantum gravity with maximal acceleration is considered in
[63].
It is not obligatory to use in researches on deterministic quantum model
only the Chern connection [17] (similarly, and in a more simple form one
can be elaborated quantum Cartan–Finsler models with further develop-
ments on Finsler, Lagrange and Hamilton geometry with metric compatible
connections [107, 108, 24, 183, 180]). We note that having a canonical
d–connection, we can always define exactly the Levi–Civita connection, be-
cause both such linear connections are uniquely defined by a generic off–
diagonal metric tensor of type (18). It is also not obligatory to average the
Chern connection with nonmetricity in order to get a metric compatible Levi
Civita connection: we can do this by subtracting from the Cartan, Chern,
or other canonical connection the corresponding deformation tensor (this
topic is discussed in details in Refs. [205, 207]). The experimental data
does not constrain us to use at Planck scale nonmetric connections (even
there are quantum uncertainty relations, there are not proofs that they are
related strongly to nonmetricity). A deterministic quantum dynamics can
be modelled alternatively with metric compatible Finsler like connections.
Working with nonholonmic manifolds and metric compatible connections,
such constructions will belong to the class of standard models, contrary to
those performed on tangent spaces and for nonmetric connections.
Other directions:
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There were also proposed a number of other possible applications of Finsler
geometry in order to solve important geometric and physical problems. In
this final section, we mention a few of them.
The works by P. Stavrinos and co–authors [150, 153] elaborate certain
Finsler like generalizations (nonstandard ones) in modern cosmology.
The idea to consider the Fermat principle on Finsler spaces was ap-
proached by V. Perlick [136] following a variational principle with a corre-
sponding Lagrangian and Lagrangian, Euler–Lagrange equations. The topic
of nonlinear connections and distinguished connections is not discussed in
his work but it appears from the corresponding semi–spray dynamics if the
geometric constructions are adapted to the nonlinear connection structure.
Possible hidden connections between general relativity and Finsler geom-
etry are considered in Ref. [131]. An approach with homogeneous and sym-
metric Finsler spaces, with Chern connection, as a generalization of similar
constructions for homogeneous/ symmetric Riemannian spaces, is developed
by authors [92, 93, 94]. It is not clear if such results hold true for nonholo-
nomic Riemannian spaces and Finsler models defined by metric compatible
Finsler connections (for instance, with the Cartan connection). Generalized
Lagrange–Weyl structures and compatible connections are analyzed in Ref.
[50].
Geometric methods of Finsler–Lagrange geometry have been applied for
a study of systems of partial differential equations, multi–time Lagrange
spaces and dynamical systems and jet geometry [162, 163, 164, 117, 118].
Finally, we note that the geometry of induced structures on submanifolds
and almost product Riemannian and/or Finsler manifolds [74, 75] has certain
applications in geometric quantization [57].
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